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THE E-NORMAL STRUCTURE OF ODD-DIMENSIONAL UNITARY GROUPS 


RAIMUND PREUSSER 


Abstract. In this paper we define odd-dimensional unitary groups ?72ra+i(R, A). These groups contain as 
special cases the odd-dimensional general linear groups GL 2 n+i{R) where R is any ring, the odd-dimensional 
orthogonal and symplectic groups 02n+i(R) and Sp 2 n+i{R) where R is any commutative ring and further 
Bak’s even-dimensional unitary groups U 2 n {R, A) where {R, A) is any form ring. We classify the E-normal 
subgroups of the groups U 2 n+i{R, A) (i.e. the subgroups which are normalized by the elementary subgroup 
EU 2 n+i{R,A)), under the condition that R is a quasifinite ring with involution and n > 3. Further we 
investigate the action of U 2 n+i{R, A) on the set of all E-normal subgroups by conjugation. 
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1. Introduction 

Towards the end of the 19th century mathematicians (e.g. C. Jordan and L. E. Dickson) became 
interested in the normal subgroups of classical groups over finite fields. Their results were generalised to 
classical groups over arbitrary fields and skew fields by J. Dieudonne and others in the 1940’s and 1950’s. In 
the early 60’s, W. Klingenberg generalised the results first to classical groups over commutative local rings 
and then to classical groups over commutative semilocal rings. In 1964, H. Bass desribed the E-normal 
subgroups (i.e. the subgroups normalized by the elementary subgroup) of general linear groups over rings 
satisfying a so called stable range condition. Namely he proved that if R is a subgroup of the general 
linear group GLn{R), then 

H is E-normal 3! ideal I : En{R,I) E H G Cn{R,I) (1-1) 


2010 Mathematics Subject Classification. 20G35, 20H25. 

Key words and phrases, unitary groups, sandwich classification. 

1 



2 


RAIMUND PREUSSER 


for all rings R of finite stable range r and n > max{r + 1,3). In (1.1), En{R,I) denotes the relative 
elementary subgroup of level I and Cn{R,I) denotes the full congruence subgroup of level I. In the 
70’s, I. Golubchik and A. Suslin proved results which imply that (1.1) is true if R is commutative and 
n > 3, without a stable range restriction. In 1981, L. N. Vaserstein proved that (1.1) holds if R is almost 
commutative (i.e. finitely generated as module over its center) and n > 3. 

A natural question is if similar results hold for other classical groups. In 1969, A. Bak proved that if H 
is a subgroup of the (even-dimensional) hyperbolic unitary group U 2 n{R, ■^), then 

H is E-normal 3! form ideal (I, E) : EU 2 n{{R, A), (/, E)) C F C CU 2 n{{R, A), (/, E)) (1.2) 

for all form rings (i?. A) such that R has finite Bass-Serre dimension d and n > max{d + 2,3). In (1.2), 
EU 2 n{{R-, E),{I ,T)) denotes the relative elementary subgroup of level (/, E) and C'[/ 2 n((l?, A), (I, E)) de¬ 
notes the full congruence subgroup of level (E, E). The hyperbolic unitary groups (which were first defined 
in Bak’s thesis) include as special cases the groups GL2n{R) where R is any ring and the groups 02 n{R) 
and Sp2n{R) where R is any commutative ring. In 2013, H. You and X. Zhou proved that (1.2) holds if 
R is commutative and n > 3 and in 2014, the author proved in his thesis that (1.2) holds if R is almost 
commmutative and n > 3. 

In this paper we define odd-dimensional unitary groups U2n+iiR, 'A). These groups are precisely Petrov’s 
odd hyperbolic unitary groups such that Vq = R (note that Petrov’s definition is different but equivalent). 
They contain as special cases the groups GL2n+i{R) where R is any ring, 02 n-i-i(E 2 ) and Sp2n+i{R) where 
R is any commutative ring and further all even-dimensional unitary groups 172 n(E?, A) (cf. example 18). 
We prove that if EE is a subgroup of an odd-dimensional unitary group U2n+iiR, A), then 

EE is E-normal 3! odd form ideal (E, El) : ET 72 n-i-i((E 2 , A), (E, El)) Y EE C C'I 72 n-i-i((E?, A), (E, El)) (1.3) 

provided R is semilocal or quasifinite (i.e. a direct limit of almost commutative rings) and n > 3. In (1.3), 
EU2n+i{{R, A), (E, El)) denotes the relative elementary subgroup of level (E, El) and GU2n+i{{R, A), (E, El)) 
denotes the full congruence subgroup of level (E, El). Eurther we investigate the action of [/ 2 n+i(E?, A) on 
the set of all E-normal subgroups by conjugation. 

The author expects that the results of this paper can be generalized to all of Petrov’s odd unitary 
groups (over quasifinite rings and such that the Witt index of the underlying quadratic space is at least 
3), but the details will probably be even more complicated than in this note. 

The paper is organised as follows. In Section 2 we recall some standard notation which will be used 
throughout the paper. In Section 3 we define the odd-dimensional unitary groups and some important 
subgroups. In Section 4 we prove the main result (1.3), first for semilocal rings, then for certain Noetherian 
rings and then for quasifinite rings. In the last section we investigate the action of conjugation on E-normal 
subgroups, the main result of this section is Theorem 63. 

2. Notation 

Let G be a group and EE, EE be subsets of G. The subgroup of G generated by EE is denoted by (EE). 
If g,h G G, let := hgh~^, g^ := h~^gh and [g,h] := ghg~^h~^. Set := {{^h\h € H,k G EE}) 
and := {{h^\h G H,k G EE}). Analogously define [EE, EE] and HK. Instead of ^{g} we write ^g 
(analogously we write g^ instead of { 5 }^, ^EE instead of 'f^^EE, [ 5 , EE] instead of [{ 5 }, EE] etc.). 

In this paper, N = {1, 2,... } denotes the set of all natural numbers. The word ’’ring” will always mean 
associative ring with 1 7 ^ 0, ’’ideal” will mean two-sided ideal. If Ei is a ring and m,n gN, then the set of 
all invertible elements in R is denoted by R* and the set of all m x n matrices with entries in R is denoted 
by Mmxn{R)- If o G Mmxn{R)i let aij G R denote the element in the (E, j)-th position. Let a* G Mnxm{R) 
denote its transpose, thus = aji. Denote the i-th row of a by and the j-th column of a by a*j. 

We set Mn{R) := Mnxn{R)- Tbe identity matrix in Mn{R) is denoted by e or and the matrix with 
a 1 at position {i,j) zeros elsewhere is denoted by e*L If a G Mn{R) is invertible, the entry of a~^ 
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at position (i,j) is denoted by ab, the i-th row of a~^ by and the j-th column of a~^ by a'^^. Further 
we denote by the set of all rows v = (ui,... ,Vn) with entries in R and by R^ the set of all columns 
u = (ui ,... ,UnY with entries in R. 

3. Odd-dimensional unitary groups 

3.1. Odd form rings and odd form ideals. First we recall the definition of a ring with involution with 
symmetry and introduce the notion of an odd quadruple. 

Definition 1. Let Rhe a ring and 

R^ R 

X ^ X 

an anti-isomorphism of R (i.e. ” is bijective, x + y = x + y, xy = yx ior any x,y £ R and 1 = 1). Further 
let X £ R such that x = XxX for any x £ R. Then A is called a symmetry for the pair (“, A) an involution 
with symmetry and the triple {R, “, A) a ring with involution with symmetry. A subset A <£ R is called 
involution invariant IS x £ A for any x £ A. We call a quadruple {R, ~,X, y.) where {R, ”, A) is a ring with 
involution with symmetry and y £ R has the property that y = yX an odd quadruple. 

Remark 2. Let {R, ~, X, y) be an odd quadruple. 

(a) It is easy to show that A = A“^. 

(b) If A € Center{R) then one gets the usual concept of an involution which is for instance used in [9]. 

(c) The map 

R^ R 

a; i-A X := XxX 

is the inverse map of ”. One checks easily that {R, _,X,y) is an odd quadruple. 

(d) For any n € N, {Mn{R),*, Xe, ye) is an odd quadruple where a* := a* = {{d'ij)ijY = {d'ji)ij for any 
a £ Mn{R). The inverse map of * is the map * which associates to each a £ Mn{R) the matrix a* := uh 
It follows from (c) that {Mn{R), *,Xe, ye) is also an odd quadruple. 

Below we introduce the notion of an i?-quasimodule. 

Definition 3. Let R be a ring, [G, -j-) a group and 

• :GxR^G 

(a,x) 1—^ a • X := *( 0 , x) 

be a map such that 

(1) a • 0 = 0 for any a £ G, 

( 2 ) a • 1 = a for any a £ G, 

(3) {a» x) • y = a» (xy) for any a £ G and x,y £ R and 

(4) {a + b) • X = {a • x) + {b • x) for any a,b £ G and x £ R. 

Then (G,-i-, •) is called a (right) R-quasimodule. Let (G,and (G',-i- ,•') be i?-quasimodules. Then a 
map f : G ^ G' satisfying /(a -j- 6) = /(a) -j- f{b) for any a,b £ G and f{a • x) = f{a) •' x for any a £ G 
and X £ Ris called a R-quasimodule homomorphism. A subgroup R of G which is •-stable (i.e. a» x £ H 
for any a £ H and x £ R) is called a R-subquasimodule. Further, if A C G and B C R, we denote by A* B 
the subgroup of G generated by {a • b\a £ A,b £ B}. 

Remark 4. If (G,-|-,«) is a R-quasimodule, we treat • as an operator with higher priority than -|- (e.g. 
a + b»x = a + {b» x)). 



4 


RAIMUND PREUSSER 


Next we define an i?-quasimodule structure on B?'. The definition is motivated by the relations of 
elementary matrices (see Lemma 23, (El) and (SE2)). 

Definition 5 . Let {R, be an odd quadruple. Define the maps 

+ : R'^ X R'^ 

((xi,yi), (x2,i/2)) ^ {xi,yi) + {x2,y2) ■= (xi +X2,yi + y2 - xi^X2) 

and 

• -.R^xR^R^ 

((x, y),a) (x, y) •a:= (xa, aya) 

Then (i?^,+,«) is an i?-quasimodule. We call it the Heisenberg quasimodule and denote it by Sj. 

Remark 6 . 

(a) We denote the inverse of an element {x,y) G R^ with respect to + by —{x,y). 

(b) Assume we have fixed an odd quadruple {R, ”, A, //). {R, _, A, y) defines also an i?-quasimodule structure 
on R^. We denote the addition (resp. scalar multiplication) defined by {R, _,X,y) by -i-_i (resp. ‘-i). 
We sometimes denote the addition (resp. scalar multiplication) defined by {R, ”, A, /x) by +i (resp. 

•i)- 

(c) Define the map 

\ Rx R^ R^ 

{x, a) x •' a := dxa. 

Then (R,+,•') is an i?-quasimodule. 

The following lemma is straightforward to check. 

Lemma 7 . Let {R, ” , A, /x) be an odd quadruple. Then 

(1) -{x,y) = {-X, -y - xyx) for any {x,y) G 

( 2 ) {xi,yi) - {x2,y2) = {xi - X2,yi - y2 + xi- X2/XX2) for any (xi,yi), (*2,^2) e 

( 3 ) [(xi,yi), (x2,y2)] = ( 0 ,X 2 /xxi - X1/XX2) and 

n n n 

(4) {Xi,yi) = iY Xi,Yyi - E Xipxj) for any n eN and {xi,yi),... ,{xn, yn) ^ R'^- 

l<i<n 2=1 2=1 2,jf=l, 

i<j 

The map tr defined below will be used in the definition of an odd form ring. 

Definition 8 . Let {R, ”,A,/x) be an odd quadruple. Define the map 

tr ■. R? ^ R 
{x,y) i-A xyx + y + yX. 

One checks easily that tr : Sj ^ {R, +, •') is an ii-quasimodule homomorphism. 

Next we define an odd form ring. 

Definition 9 . Let {R, ”,A,/x) be an odd quadruple. Set 

^min •— {(b, X xA) |x G R'\ 

and 

^max ■— ker(trf 

An R-subquasimodule A of lying between A^m and A^ax is called an odd form parameter (for 
{R, ~ ,X,fj,)). Since Amin and Amax are i?-subquasimodules of S), they are respectively the smallest and 
the largest odd form parameter. If A is an odd form parameter for R, the pair {(R, ”,A,/x),A) is called 
an odd form ring. 
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Remark 10. Let A be an odd form parameter for (R, 

(a) Instead of {{R, ~, X, fi), A) we often write (i?, A). 

(b) —{x,y) = {—x,yX) for any {x,y) G A^ax by Lemma 7(1). Further -j- is commutative modulo A^m by 
Lemma 7(3). 

(c) One checks easily that A is a normal subgroup of {R‘^, +). Further Amax/^ is a right i?-module with 
scalar multiplication (a -j- A)x = (a • x) -j- A. 

(d) A“^ := {{x,y) G R'^\{x,y) G A} is an odd form parameter for (i?, _,A,^). 

(e) A(A) := {x G ii|(0,x) G A} is a form parameter for R (as defined in [9] (for the case that A is central) 
or in [ 11 ] (general case)). 

Next we define an odd form ideal of an odd form ring. 

Definition 11. Let {R,A) be an odd form ring and I an involution invariant ideal of R. Set J(A) := 
{y G R\3z € R: {y,z) & A} and I := {x € R\J{A)fj,x C /}. Further set 

^Lin ■= {(0, X - xA)|x G /} + A • I 

and 

^Lax := An(/x/). 

An i7-subquasimodule H of lying between and i^^ax is called a relative odd form parameter for 

I. Since ^max i?-subquasimodules of Sj, they are respectively the smallest and the largest 

relative odd form parameter for I. If 11 is a relative odd form parameter for I, then (/, H) is called an odd 
form ideal of {R, A). 

Remark 12. Let H be a relative odd form parameter for I. 

(a) Obviously / and J(A) are right ideals of R. Further I I. Set J(ll) := {y G R\3z ^ R: {y,z) € H}. 
Then J(ll) is a right ideal of R and 

J(A)/ C J{n) C J(A) ni. 

(b) One checks easily that H is a normal subgroup of A. Further is a right i?-module with scalar 

multiplication (a -j- Q)x = (a • x) -j- 11 . 

(c) 11“^ := {{x,y) G R^|(x,y) G H} is an odd form parameter for I with respect to the odd form ring 
(R,A-i). 

(d) F(ll) := {x G i?|(0,x) G H} is a relative form parameter for I with respect to the form ring (i?, A(A)) 
(cf. [9] or [11]). 

Definition 13. Let {R, A) be an odd form ring. Further let T C R and Z C A be subsets. Then we denote 
by I{Y) the ideal of R generated by T uF. It is called the involution invariant ideal defined by Y. Further 
set 11(T) := It is called the relative odd form parameter defined by Y and {I{Y), 11(T)) is called the 

odd form ideal defined by Y. Set Zi := {x G R\3y G R : (x,y) G Z}, Z 2 := {y G Rj3x G R : (x,y) G Z} 
and Z' := J{A)fiZi UZ 2 . We denote by I{Z) the ideal of R generated by Z'UZ'. It is called the involution 
invariant ideal defined by Z. Further set 11(Z) := + Z • R. 11(Z) is called the relative odd form 

parameter defined by Z. One checks easily that (/(Z),11(Z)) is an odd form ideal of (R, A). It is called 
the odd form ideal defined by Z. 

Remark 14. If x G R or x G A, we sometimes write (/(x),ll(x)) instead of (/({x}), ll({x})). 

3.2. Odd-dimensional unitary groups. Let (R, A) be an odd form ring and n G N. Fix the base 
(ei,..., On, Co, e-n, ■ ■ ■, e_i) of the right R-module M := where is the column whose i — th entry 

is 1 and whose other entries are 0 if i > 0 , the column whose (2n + 2 + z)-th entry is 1 and whose other 
entries are 0 if z < 0 and the column whose 0 — th entry is 1 and whose other entries are 0 if i = 0. If 
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u € M, then we call (ui,..., Un,U-n, ■ ■ ■, R-i)* € hyperbolic part of u and denote it by Uhb- Define the 
maps 


b : M X M ^ R 


r 

{u, p) i-A tt* 0 

\pX 


0 p\ n -1 

h' 0 ^ UiXV-i 

0 0 / i=l i=—n 


and 


fo \ ” 

u hA {qi{u),q2{u)) := {uo,ulf, L ^ j Uhh) = {uQ,'^UiU-i) 

^ ' i=l 

where u* = and p € Mn{R) is the matrix with ones on the second diagonal and zeros elsewhere. 

Lemma 15 . 

(1) b is a X-Hermitian form, i.e. b is biadditive, b{ux,vy) = xb{u,v)y \/u,v G M,x,y G R and b{u,v) = 
b{v, u)X Vri, V G M. 

(2) q{ux) = q{u) • x \/u € M,x G R, q{u + v) = q{u) + q{v) + {0,b{u,v)){mod Amin) X/u, v G M and 
tr{q{u)) = b{u,u) \/u G M. 


Proof. Straightforward computation. □ 

Definition 16 . The group 

U 2 n+iiR, A) := {a G GL 2 n+iiR)\b{cru, av) = b{u,v) Vu, u G M and q{(Tu) = q{u){mod A) Mu G M} 
is called odd-dimensional unitary group. 

Remark 17 . 

(a) Clearly 

b{au, au) = b{u, u) 

4^tr{q{au)) = tr{q{u)) 

4^tr{q{au) — q{u)) = 0 
4^q{au) - q{u) G Amax 
4^q{au) = q{u){mod Amax) 

for any a G M 2 n+i{R) and u G M. Hence 

U2n+i{R, Amax) = {cT G GL 2 n+i{R)\b{au, av) = b{u,v) Mu,v G M}. 


(b) Set A := A(A) and let m,n G N such that m < n. There is an embedding of U 2 m{R, X.) (as dehned in 
[9] or [11]) into 172 n+i(.R, A) namely 


■ U2miR,X) ^ U2n+l{R,A) 


A B 
G D 
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where A,B,C,D G Mm{R) and k = 1 + 2(n — m). There is also an embedding of U 2 m+i{R-, into 
U 2 n+i{Ri^) namely 

■ U2m+l{R,l^) ^ C/2n+l(i?, A) 

/e'""' 0 0 \ 

u i-A I 0 a 0 I 

\ 0 0 

where I = n — m. 

(c) The odd-dimensional unitary groups defined in this article are precisely Petrov’s odd hyperbolic unitary 
groups with Vq = R (see [8]). Namely U 2 n+i{R, = U2i{R,2) if x = —x*\ (where * denotes the 
anti-isomorphism on R used in this article), Vq = R, BQ{a, b) = £ = {(x, y) G R^\{x, —y) G A} 

and I = n. 

Example 18. 

(1) Let {R,A) be a form ring. Choose y arbitary and set A := {0} x A. Then U 2 n+iiR, A) = U 2 niR,A)- 
In particular the groups 02n{R) and Sp 2 n{R) where i? is a commutative ring and GL 2 n{R) where R 
is an arbitrary ring are examples of odd-dimensional unitary groups. 

(2) If ii = S' X S°P where S is a ring, (x,?/) = {y,x), X = 1, y = 1 and A = Amax, then U 2 n+i{R, A) = 
GL2n+l{S). 

(3) If R is commutative, x = x, X = 1, y = 2 and A = {(x, —x^)|x G R}, then U 2 n+i{R, A) = 02n-i-i(.R)- 

(4) If R is commutative, x = x, A = —I, y = 0 and A = R x R, then U 2 n+i{R,A) is the automorphism 
group of the bilinear form represented by 

0 0 p\ 

0 0 0 . 

—pO 0/ 

It makes sense to denote this group by Sp 2 n+i{R) since it is the automorphism group of a skew- 
symmetric bilinear form of maximal possible rank (cf. [10]). 

Definition 19. Define 0+ n}, 0_ := {— n,..., —1}, 0 := 0+ U 0_ U {0}, Qhb := 0 \ {0} and 

the map 

e : Qhh {±1} 

1, if f G 0-I-, 

— 1, if i G 0_. 

Lemma 20. Let a G GL 2 n+i{R)- Then a G I72n+i(.S, A) if and only if the conditions (1) and (2) below 


4 = V7,j G 0.,, 

hcr'oj = Vj G Ohb, 

^io = Vf G Qhb and 

h-O'oo = itoo/i- 


hold. 

( 1 ) 


( 2 ) 

Proof. 



q{a^j) = ((5oj,0)(mod A) Vj G 0. 
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'A B C\ 

Assume that a = \ D E j € f^ 2 n+i(-R, A) where A,C,G,I € Mn{R), B,H ^ D,F € and 
G H ij 

'A' B' G'^ 

E € R. Then b{au,av) = b{u,v) Vii, u G M and q{au) = q{v){mod A) Vu € M. Let = I L>' E' F' 


G' H' r 


where A' has the same size as A, B' has the same size as B and so on. Clearly 


Further q{o'u) 
q{eo) = (1,0). 


b{au,av) = b{u,v) \/u,v € M 


/o 0 p\ /o 0 p\ 

0 ^0 ct = 0 ^0 

\pX 0 0/ \pX 0 0/ 


/ 0 0 p\ / 0 0 p\ 

u* 0 /r 0 = 0 p o\a-^ 

\pX 0 0/ \pA 0 0/ 

/A* D* G*\ / 0 0 p\ f 0 0 p\ 

4^ S* .F* F* 0 /r 0 = 0 /i 0 

yc* F* r) \px 0 0/ \px o o/ 

lG*pX D*p A*p\ / pG' pH' pE \ 

^ H*pX E*p B*p \ = \ pD' pE' pF' 

\PpX F*p G*p) \pXA' pXB' pXG'j 







(pG*pX 

_H*pX 

\XpI*pX 

/ XpI*pX 
H*pX 
\pG*pX 


pD*p 

pA*p \ 

/G' 

H' 

E*p 

B*p 

= [hD' 

pE' 

XpF*p 

XpG*pJ 

\a' 

B' 

XpF*p 

XpG*p\ 

(A' 

B' 

E*p 

B*p 

= \hD' 

pE' 

pD*p 

pA*p 1 

\g' 

H' 


G' J 

G' 

pF' 

I' 


condition (1). 


B' G'\ 
E' F' 

H' r) 


q{u){mod A) Vu € M implies condition (2), since q{ej) 


(0,0) for any j 0 and 


Assume that (1) and (2) hold. As shown in “=^”, (1) is equivalent to b{au,av) = b{u,v) Vu,v G M. It 
remains to show that q{cru) = q{u){mod A) Vtt G M. But this follows from (1), (2) and Lemma 15. □ 

3.3. The elementary subgroup. 

Definition 21. If i,j G Qhb, i 7^ ij and x G i?, the element 

Tij{x) ■.= e + xF^ - A(di)-i)/2^y(i-d0)/2g-i,-i 

of t/ 2 n+i(.R, A) is called an (elementary) short root matrix. If f G Qhb and {x,y) G A~'^d)^ the element 

Ti{x, y):=e + - A-d+dO)/ 2 ^^gio ^ 

of t/ 2 n+i(.R, A) is called an (elementary) extra short root matrix. The extra short root matrices 

Ti{0,y) = e + ye*"* 

are called (elementary) long root matrices. The subgroup of U 2 n+i(,R^ A) generated by the short and extra 
short root matrices is called elementary subgroup and is denoted by EU 2 n+i{R, ^)- Let {I, XI) denote an 
odd form ideal of {R,A). A short root matrix Tij{x) is called {I, XI)-elementary if x G /. An extra short 
root matrix Ti{x, y) is called {I, XI)-elementary if (x, y) G The subgroup of EU2n-ei{R: generated 
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by the (/, r2)-elementary short and extra short root matrices is called preelementary subgroup of level (/, n) 
and is denoted by EU 2 n+i{I-, ^)- Its normal closure in EU 2 n+i{R, A) is called elementary subgroup of level 
(/, n) and is denoted by £'C/ 2 n-i-i((-R) A), (/, n)). 

Remark 22. Set A := A(A) and let m < n be a natural number. One checks easily that {EU 2 m{Ri ^)) 
C EU2n+l{R,^) and <f^^^^{EU2m+l{R,^)) C EU2n+l{R,^)- 


Lemma 23. The relations 

Tij{x) = r_j-(SI) 
Tij {x)Tij (y) = Tij {x + y) (S2) 

[Tij{x),Tki{y)] =e if j, -i and I / i, -j, (S3) 

[Tij{x),Tjkiy)] = Tik{xy) if i i/c, (S4) 

[T,,(x),T,-_,(y)] = T,(0,xy - (S5) 

Ti{xx,y\)Ti{x2,y2) = Ti{{xi,yi) +_^(i) (^ 2 ,^ 2 )), (El) 

[r,(xi,2/i),r,(x2,y2)] = ^ (E2) 

[Ti(xi,i/i),ri(x2,i/2)] = ri(0,-A“(^+"W)/^(xi/rx2 -X2iiXi)), (E3) 

[Tij{x),Tk{y,z)] =e ifk^j,-i and (SEl) 


[Tij{x),Tj{y,z)] = (gg 2 ) 


hold true. 


Proof. Straightforward computation. □ 

Definition 24. Let i,j G &hh such that i Ej. Dehne 

p^. :=e - - e^ - e”* - e^'* + 

=Eij(l)rjj( —l)rij(l) G EU2n+liR, ^)- 

It is easy to show that {Pij)~^ = Pji. 

Lemma 25. Let x G i? and i,j,k G Qhb such that i ±j and k ^ ±i,±j. Further let {y,z) G 
Then 

(1) ^>-iTij{x) = Tkj{x), 

(2) ^>^iTij{x) = Tik{x) and 

(3) ■P-'=.-^Ti(y,^) = rfc(y,AW‘)-<^))/2z). 


Proof. Using the relations in Lemma 23 one gets 

^^^Tij{x) 

ndi)Tk{-i)(^Tkjix)Rjix)) 

(smsE Th( 1 ) ^Tij{-x)Tkj ix)Rj (x)) 

Tkj{-x)Tij{-x)Tkj {x)Tkj {x)Rj (x) 
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Further one gets 


and 


(£ 1 ) 

Tiji-x)T,k{x)T,,{x) 


(SEl) 

(SI) 

(SE2) 

(S1)^S5), 

(SE1),(SE2) 


^-^’-^Ti{y,z) 

^-'='-'(i)'^-'’-'=(“i)ri(y,z) 

ri(0, -{z- X^-^-<^^/^zX^^-<^'^/‘^))Ti^_k{z)Tk^_i{-X^<^-<^'^^/^z) 
X T,(-y, z)rfc(y, z)Ti{y, z) 


X 


(S1),(E2) 


(S2)^E1), 

(SEl) 


r,(0, -(Z - A(-1-^«)/2-;^(1-.(*))/2))j.^ _.^_;^(.(-fc)-l)/2-;^(l-e(W^ 


□ 


з. 4. Congruence subgroups. Until the end of this subsection (/, n) denotes an odd form ideal of [R, A). 

If fj G M 2 n+i{R)-, we call the matrix (cij)i,je 0 h 6 ^ ^ 2 n{R) hyperbolic part of a and denote it by ahb- Further 
we denote the submodule {u G M|uo € J(A)} of M by M{R, A), the submodule {u G M\ui ^ I Mi ^ Qhb} of 
M by M{I) and the submodule {u G M{I)\uo G Ji^)} of M{I) by M{I,n). Note that if cr G I72n+i(.R, A), 
u G M{R,A), V G M{I) and w G M{I,^}) then au G M{R,A) and av G M{I) but not necessarily 
aw G Define 

lo := {x G R\xJ{A) C /} 

and 

Iq := {x G R\J{A)p,x G Iq}- 

Then Iq is a left ideal and Jq an additive subgroup of R. If J(A) = R then Iq = I and Iq = I. Let 

и, v ^ M and a,T £ U 2 n+i{{R, A), {I,XI)). We write u = v{mod 1,1) (resp. u = v{mod /o,/o)) if and only 
if Ui = Vi{mod I) Mi G Qhb and uq = vo{mod I) (resp. Ui = Vi{mod Iq) Mi G Qhb and uq = vo{mod Iq)). 
We write a = T{mod I,I,Iq,Iq) if and only if = T^j{mod 1,1) Mj G Qhb and it*o = T^o(mod Io,Io)- 
Further if u;,x G M* := we write w = x(mod I,Io) (resp. w = x{mod /, /q)) if and only if Wj = 
Xj{mod I) Mj G Qhb and wq = xo(mod Iq) (resp. Wj = Xj{mod I) Mj G Qhb and wq = xo(mod Iq)). 
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Definition 26. The subgroup 

{fj € C/ 2 n-i-i(-R) = ehb{mod I) and q{(7u) = q{u){mod ri) Vtt G M(i?, A)} 

of U 2 n+i{R-, A) is called principal congruence subgroup of level (/, Q) and is denoted by U 2 n+i{{R, A), (/, n)). 
Lemma 27. Let u,v M such that u G M{I) or v ^ Then 

q{u + v) = q{u) + q{v) + (0, b{u, v)){mod ilmin)- 
Proof. A straightforward computation shows that 


q{u + v) - {q{u) + q{v) + (0, b{u, v))) = (0, ^ ViU-i - ^ ViU-iX) G 

i=l i=\ 

□ 

Lemma 28. Let a G 172n-i-i(^, A). Then a G U 2 n+i{iR,^),{I,Xl)) if and only if the conditions (1) and 
(2) below hold. 

(1) ahb = ehbimod I). 

(2) q{a^j) G 0 Vj G Qhb and (^((7*o) — (1,0)) • x G 0 Vx G J(A). 

Proof. 

Assume that a G U 2 n+i{{R, [I,Xl)). Then (1) holds and q{cru) — q{u) £ Ll \/u M. Clearly 

q{(7u) — q{u) £ Ll \/u £ M implies (2), since q{ej) = (0,0) for any j 0 and q{eo) = (1,0). 

Assume that (1) and (2) hold. We have to show that q{cru) = q{u){mod fl) Vu G M. But this follows from 
(1), (2) and Lemma 27 (see the proof of Lemma 60). □ 

Remark 29. Let cr G U 2 n+i{R, A). Lemma 28 implies that a £ U 2 n+i{{R, A), (/, flmax)) if only if the 
conditions (1) and (2) below hold. 

( 1 ) ahb = Chbimodlf 

( 2 ) (To* = e^imod I Jo). 

It follows from (2) that if a G [/2n-i-i((I?, A), (/, fl^^^,)), then (T*o = eo{mod IqJo) and therefore a = 
e{mod iJjoJo). 

The subgroup U 2 n+i{{Ri J,Pl)) defined below will be used to define the full congruence subgroup 

CC/2n+l((R,A),(/,52)). 

Definition 30. The subgroup 

{a £ U 2 n+i{R, A)|g((Ttt) = q{a~^u) = q{u){mod Ll) Vu G M{I, fl)} 
of I72n+i(I?, A) is denoted by U 2 n+i{{R, ^), J,J)- 

Remark 31. 

(a) Obviously [/ 2 n+i((R, A), (I, fl)) C c72„+i((R, A), (1,52)). 

(b) EU2n+i{R,^) C C/ 2 n+i((R,A),(/,f 2 )) (see [8, p.4760]). 

(c) In many interesting situations, U 2 n+i{{R, ^), J,^)) equals U 2 n+i{R, ^), e.g. in the situations (l)-(3) 

in Example 18. Further the equality holds if 52 = or J{Q) C I (true e.g. if 52 = Ptjj. An 

example for a situation where lJ 2 n+i{{R-, A), (/, 52)) / Lf 2 n+i{R-, A) can be found in the last section of 
this paper (see Example 66). 

Lemma 32. [/ 2 n-i-i((R, A), (/, 52)) is a normal subgroup of U 2 n+i{{R,^),{I,Ll)). 
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Proof. See [ 8 , Proposition 5]. In Section 5 we will give another proof. □ 

Remark 33. Lemma 28 implies that EU 2 n+i{I ^ ^)) (.1; f^))- By the previous lemma 

C/ 2 n+i((-R, A), (/, 0)) is normalized by EU 2 n+iiR,^) since EU 2 n+iiR,^) ^ ^ 2 n+i((f?, A), (/, fl)). It fol¬ 
lows that EU 2 n+l{{R,^), C C/ 2 n-Hl((R, A), {1,0,)). 

Definition 34. The subgroup 

{a € f72n+l((i?, A), (/, 0))|[a, EU2n+l{R, A)] c U2n+l{{R, A), {I, L?))} 
of U 2 n+i{R,^) is called full congruence subgroup of level {1,0) and is denoted by CU 2 n+i{{R,^),{I, 0 )). 

Remark 35. 

(a) Let 

TT : U2n+l{{R, A), {I, O)) ^ U2n+l{{R, A), {I, O))/U2n+l{{R, A), {I, 0)) 

be the canonical group homomorphism. Set G := Tr{U 2 n+i{{R, A), {I, fl))) and E := 7r{EU2n+i{R, A)). 
Then clearly 

CU2n+i{{R, A), {I, n)) = TT~^{CentralizercE). 

(b) Obviously f 72 n+i((f?, A), (/,n)) <Z CU 2 n+i{{R, ^),{I,0)). If S 172 n+i(f?, A) is normalized by c 72 n+i((R, 
A), {I, n)) (which for example is true if n > 3 and R is semilocal or quasifinite, see the next theorem), 
then CU 2 n+i{{R, A), (I, 0)) is a normal subgroup of U 2 n+i{{R, A), {I, If)). 

Theorem 36 (V. A. Petrov). If n > 3 and R is semilocal or quasifinite, then EU 2 n+i{{R, I^), {1^0)) is a 
normal subgroup of U 2 n+i{{R, I^), {1,0)) and the standard commutator formulas 

[CU2n+l{{R, A), {I, 0)),EU2n+l{R, A)] 

= [EU2n+l{{R, A), {I, 0)),EU2n+l {R, A)] 

=EU2n+l{{R,A),{I,0)) 

hold. In particular from the absolute case {1,0) = {R,A), it follows that EU 2 n+i{R, li^) is perfect and 
normal in U 2 n+i{R,IlO). 

Proof. It follows from [ 8 , Theorems 1 and 4] (semilocal case) resp. [ 8 , corollary on page 4765] (quasifinite 
case), that EU 2 n+i{{R, ^), {1,0)) is a normal subgroup of f 72 n+i((.R) A), {1,0)) and 

[U2n+l{{R, A), {I, 0)),EU2n+l{R, A)] 

CEU2n+i{{R,I^),{I,0)). (36.1) 

(note that in [ 8 ] the full congruence subgroup is defined a little differently). By [ 8 , Proposition 4], 

[EU2n+l{{R, A), (I, 0)),EU2n+l {R, A)] 

=EU2n+i{{R,I^),{I,0)). (36.2) 

Hence 


[CU2n+l{{R, A), (I, 0)),EU2n+l {R, A)] 

= [EU2n+l{R, A), CU2n+l{{R, A), (I, L!))] 

= [[EU2n+l{R, A), EU2n+l{R, A)], CU2n+l{{R, A), {I, L!))] 

QEU2n+i{{R,A),{I,0)) (36.3) 

by the definition of CU 2 n+i{{R, A), (I, fl)), (36.1) and the three subgroups lemma. (36.2) and (36.3) imply 
the assertion of the theorem. □ 


THE E-NORMAL STRUCTURE OF ODD-DIMENSIONAL UNITARY GROUPS 


13 


4. Sandwich classification of E-normal subgroups 

In this section [R, A) denotes an odd form ring and n > 3 a naturai number. A subgroup H 
of U 2 n+i{R,^) normaiized by EU 2 n+i{R,^) is caiied E-normal. Let H be an E-normai subgroup of 
U 2 n+i{Ri and set 

/ := {x € R\Tij{x) G H for some i,j € 0/ife} 

and 

n := {{x,y) G A\Ti{x,y) G H for some i G 0_}. 

Then (/,!!) is an odd form ideai which is maximai with the property EU 2 n-\-i{iR, A), — R- It is 

caiied the level of H and H is caiied E-normal subgroup of level (/, fl). 

We wiii show that if R semiiocai or quasifinite, then a subgroup H of C/ 2 n-i-i(I?; A) is E-normai if and 
oniy if there is an odd form ideai (/, fl) of {R, A) such that 

EU2n+l{{R,A), CMC CU2n+l{{R,A), (7,0)). 

Further (7, Ti) is uniqueiy determined, nameiy it is the ievei of 77. 

The hardest part of the proof is showing that if 77 is E-normai, then 77 C C'C/ 2 n-i-i((I?; A), (7,17)) 
where (7, f7) is the ievei of 77. If R is semiiocai we prove this by contradiction. Nameiy we show that 
if 77 ^ C'C/ 2 n-i-i((I?; A), (7, i7)), then one can produce an eiementary matrix in 77 which is not (7,17)- 
eiementary (cf. Lemma 43). If R is Noetherian and there is a subring C of Center{R) with certain 
properties (i.a. (C'\m)“^i7 is semiiocai for any maximai ideai of C, cf. Section 4.2), then we use iocaiisation 
to deduce the resuit from the semiiocai case. If R is quasifinite, then we use the fact that EU 2 n+i and 
U2n+i commute with direct limits to deduce the result from the Noetherian case. 

4.1. Semiiocai case. In this subsection we assume that R is semiiocai. Set A := A(A). Since R is 
semiiocai, it satisfies the stabie range condition SRm and the A-stabie range condition ASm for any m G N 
(foiiows from [7, Theorem 2.4] and [2, iemmas 3.2, 3.3, 3.4]). For the definition of SRm and ASm see 
[2]. We caii a coiumn vector (ui, ..., UmY G T?™’ (left) unimodular iff there are ui, ..., Um S R such that 

m 

Y) ViUi = 1. Note that the map 

i=l 

*:R^^^R 

u u* := vf 

defines a bijection between ieft unimoduiar coiumns and right unimoduiar (in the sense of [2]) rows. 

Lemma 37. 7/ m G N and (ui,..., ttm+i)* is unimoduiar, then there is an x ^ R such that {ui -\- 
xUm+i,U2, ..., UmY is unimodular. 

m+1 m+1 

Proof. Let vi,...,Vm+i G R such that Y — I- Cieariy {ui, Y is unimoduiar. Hence 

i=l i=2 

m+1 m+1 

(hi, Y ViUi) is right unimoduiar. Since R satisfies SRm, there is a y G 7? such that hi -|- ( ^ ViUi)y 
i=2 i=2 

m+1 

is right invertibie. It follows that ui + y{Y ViUi) is ieft invertibie. Hence {ui + yVm+iUm+i,U 2 , • • • ,UmY 

i=2 

is unimoduiar. □ 

Definition 38. The subgroup of EU 2 n+i{R, A) consisting of aii / G EU 2 n-\-i{R, A) of the form 

/A B C\ 

/= 0 1 77 

\0 0 e) 

where A,B,C,D,E G Mn{R) is denoted by UEU 2 n+i{R, A). The subgroup of UEU 2 n+i{R, A) consisting 
of aii upper trianguiar matrices / G EU 2 n+i{R, A) with ones on the diagonai is denoted by TEU 2 n+i{R, A). 
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Lemma 39. Let a € U 2 n+i{R-, A)- Then there is an f G TEU 2 n+i{Lt, A) such that {fcr)ii is left invertible. 

Proof. 
step 1 

Let u be the first column of a and v the first row of a~^. Since vu = 1, 

(ttl, . . . , Un, VqUo, U-n, • • • , U-if 
is unimodular. By Lemma 37, there is an a; € 7? such that 

{Ui + XVqUo, U2,..., Un,U-n, ■■■, tt-l)* 

is unimodular. Since a G 172n+i(7?, A), = (cro,-i, G A. It follows that {—ao-ix, 

xq 2 {(J^-i)x) G A and hence a := (—cro,-ix, xg2(cr*,_i)x) G A“^. Set /i := Ti(a) G Ti7t/2n+i(7?, A) and 
:= fiu. One checks easily that 

{u^^^)hb = {ui + XVqUo + yu-i, U 2 ,..., Un, U-n, • • • , M-l)* 

where y = xq 2 {o'^-i)x (note that uq = (t(q = Xao-ifi by Lemma 20). Therefore {u^^^)hb is unimodular. 
step 2 

Since {u^^^)hb is unimodular and R satisfies ASn-i, there is a matrix 

p=(l fjGEU2n{R,A) 

where 7 G Mn{R) such that {wi,... ,WnY is unimodular where w = p{u^^'^)hb- Set 

/e 0 7\ 

/2 = 4n'^\p) = 0 1 0 G TEU2n+l{R,A) 

\0 0 e/ 

(where 4>2n^^ i® defined as in Remark 17(b)) and := f 2 U^^h Then clearly {u^i \ ..., Un'^Y = {wi,..., WnY 
and hence (up\ ..., Un'^Y is unimodular. 
step 3 

/ f ‘y\ 

Since {u\ ,... ,Un Y is unimodular and R satishes SRm for any m G N, there is an f^ G TEU 2 n+i{R, A) 
such that if = , then is left invertible. 

Hence if / = /3/2/1 G TEU 2 n+i{R,^), then (/cr)ii is left invertible. □ 

Lemma 40. Let a G 172n+i(7?, A). Then there is a f G UEU 2 n+i{R,^) such that {{fa)u,{fcr) 2 i,---, 
{fcr)ni) = (1, 0 ,... , 0) and {{fa)i 2 , ifa) 22 , ifcr)32, ■ ■ ■, ifcr)n 2 ) = (0,1,0,... , 0). 

Proof. 
step 1 

Let u be the first column of a. By steps 1 and 2 in the previous lemma, there is an fi G UEU 2 n+i{R, A,) 
such that if = fiu, then (u^^\ ... ,Un^)* is unimodular. 
step 2 

Since {u^^\... ,Un'^Y i® unimodular, there is an /2 G UEU 2 n+i{R,A) such that if f 2 U^^'> = u^‘^\ then 
{u^i \ ... ,Un^Y — (1)0) •• • )0)* (®oo [4) Chapter V, (3.3)(1)]). Set r := f 2 fiO'. Then the first two columns 
of r equal 

/I F\ 

0 G 
C H 
D I 

\e j) 
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for some C, E,F,H,J € i? and D,G,I € 
step 3 

-2 

Set ei := H ) ^^^1 n® := Then clearly = ei + eox + C-iy for some x,y G R. Since 

j=-n 

is the first column of a unitary matrix, {x,y) = q{u^^^) € A. Set €2 ■= r_i(—(x,y)) and := e2U^^\ 
One checks easily that = ei = (1,0,..., 0)*. Set e := e2ei. Since the first column of er equals = ei, 
its last row equals (follows from Lemma 20). Hence the first two columns of er equal 

/l F \ 

0 G 
0 H-GF . 

0 I -DF 

Vo 0 

It follows that {G,z{H — GF),I — DFY is unimodular for some G J{/S)y, (see step 1 in the previous 
lemma). Set ^ := Ti2 (—T). Then the Hrst two columns of equal 

/I 0 \ 

0 G 
G H-GF . 

D I -DF 
\F J-Ff) 

Since {G,z{H — GF),I — DFY is unimodular, there is a C £ UFU 2 n-i{R, such that the first n — 1 

coefficients of C{G,H — CF,I — DF)^ equal (1,0, ...,0)* (see steps 1 and 2). Set /a := V'^n-UC) ^ 
UFU 2 n+i{R, ^)- Then there are G',H' G R and B',D',I' G M(„_i)xi(-R) such that the first two columns 
of /ar^ equal 

/I 0 \ 

B' G' 

G' H' 

D' I' 

\^F J - FF! 

where G' = (1,0,... ,0)* G 
step 4 

n 

Set fi := n Tji{—B'A G UFU2n+i{Ri ^)- Then the hrst two columns of fifsT^ equal 
j=2 


/I 

0 \ 

0 

G' 

G' 

H' 

D' 

r 


\F' J') 


for some F', J' G R. Hence the hrst two columns of /4/ar equal 


(1 

f\ 

0 

G' 

G' 

H" 

D' 

I" 


\f' J" j 


for some H", J" G R and a I" G M^n-i)xi{R)■ 
step 5 
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Set /s := Ti 2 {—F) € UEU 2 n+i{R, A) and f ■= f 5 ■■■ fi G UEU 2 n+i{R, ^)- Then the first two columns of 
/o- = /5/4/3'r equal 


/I 

0 \ 

0 

G' 

C' 

H” 

D" 

r 

\e' 

J") 


for some D",/" G C 


Lemma 41. Let a G U 2 n+i{R, A). Further let i,j G Qhb sueh that i 7 ^ ±j, x G R and {y, z) G Set 

T := [a,Tij{x)] and p := [a, Tj(y, z)]. Further let J{cr) denote the ideal generated by {aki,(j'f,i\k,l G Qhbik 7 ^ 
1} U {dpaoi,dpaQi\a G J{A),l G Qhb} o.nd J'{a) the left ideal generated by {o'ko,f^ko\^ ^ Qhb}- Then 


q{r*k) = (5ofc, 0) + q{a^i) • xcr'^ + q{cr*-j) • xa'_^ k + (0, yu - yk>^), 

ifk^ j, -i, 

q{nj) = q{(T^i) • xaF + q{cr^-j) • xaL^ j + q{m) • {-x) + (0, yj - yjX) 

and 

q{n-i) = q{a^i) • xa'j_i + q{a^-j) • xa'_i_i + g(r* _j) • (-x) + (0, - y-iX) 

where x = yk G J{(t) Mk G Qhb and yo G 

Further 


ifky^O, -i, 


q{p*k) ={q{a-*o) - (1,0)) • yo-T fc + q{a^i) • yuo^ + q{a^i) • za'_i f, 
+ flfc • (T'_i k + (0, Zk - ZkX), 


and 


where y 


qi.P*o) =(1,0) + (g(cr*o) - (1,0)) • yo-T 0 + q{(^*i) • Woo + q{a*i) • 

+ q{p*i) • {-y) + oo • (x'-ifl + (0, 2^0 - 2 oA) 

q{p*-i) ={q{(y*o) - (l, O)) • yo-T + q{a^i) • yuo + q{a^i) • zuF _^ 

+ (g(<7*o) - (1,0)) • (-yo-T oy) + y(^«) • {-w'ooV) + q{<^*i) • {-zcr'-ifiV) 
+ q{p^i) •z + a_k • {(x'-i-i - 1) + 6 + c • {-a'_iQy) + d + (0, z_i - Z-iX) 
-A-(i+^«)/2y^, i = a-(i+<0 )/2 ^a(i-<0 )/2^ 




(y,A(^0)+i)/2^)^ ifkGQ\Q_, 
(y,zA(^-<0)/2)^ ifkGQ_, 


b 


(0,2(fT^i _i - 1) - - 1) A), if i G 0+, 

(0,z(cj'_i - 1) - 2 (c7'_i - 1)A), ifi G 0_, 


c = 


(y^z), 

{y,z), 


ifi G 0+, 
ifi G 0_, 


d 


( 0 , cr'_. _-ycJooyy - cr(_i .^yo-ooyyA), ifiGQ+, 
0 , ifieQ-, 


Zk G d(o') VA: G 0hfe and zq G J(cr) + J'{cr). 


Proof. Straightforward computation. 


□ 
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Lemma 42. Let I he an involution invariant ideal of R and h G U 2 n+i{R, A)\ CU 2 n+i{{R, A), (/, 
Then either 

(1) there are an f £ EU 2 n+i{R, o.nd an x £ R such that 

[fh, ri,_2(x)] 0 U2n+l{{R, A), (I, OLx)) 


or 


(2) there are an f £ EU 2 n+i{Ri A), an x £ R, a k £ Qhb and a {y, z) £ A such that 

[f[h, Tkiy, z)],T,,. 2 {x)] i R^n^xUR. A), (/, 


Proof. 

case 1 Assume that [h,Tij{x)] 0 C/ 2 n-i-i((-R) A), (/, for some x £ R and i,j £ Qhb such that i ^ ±j. 

By Lemma 25 there is an / G EU 2 n+i{R-, A) such that ^Tij{x) = ri^_ 2 (x). Hence Ti^_ 2 (x)] = 
/[/l,T,,(x)] ^ U2n+l{{RA).{lAa.))- Thus (1) holds. 

case 2 Assume that [/i, Tjj(x)] G U 2 n+i{{R, A), (/, for any x £ R and i,j £ Qhb such that i ^ ±j. 

One checks easily that in this case hij £ I for any i, j G Qhb such that i / j and hoj £ I for any j £ Qhb- 
Since h ^ CU2n+i{{R, ^), {^^^rnax))^ there are a k £ Qhb and a {y,z) £ such that [h,Th{y, z)] 0 

U 2 n+i{{R, A), (I, ^Inax))- O^e checks easily that [h, Tk{y, z)]o-k ^ / or [h, Tk{y, z)]k-k ^ I- It follows that 
[[h,Tk{y,z)],Tik{l)] 0 [/2n+i((«,A),(/,HLj). Hence [h,Tk{y,z)] 0 CC/2n+i((fi, A), (/, Apply¬ 
ing case 1 to [h,Tk{y, z)] we get (2). □ 

Lemma 43. Let (I, LI) be an odd form ideal and H an E-normal subqroup of level (I, LI). Then H C 

C[/2n+l((i2,A),(I,H)). 

Proof. Suppose H ^ CC/2n-i-i((-I2; A), {I, LI)). We will show that it follows that H contains an elementary 
matrix which is not (/, H)-elementary. This of course contradicts the assumption, that H is of level (/, H). 
Choose an h £ H \ CC/ 2 n-i-i((-R; A), (/, 12)). The proof is divided into three parts, I, H and HI. In 
Part I we assume that h 0 CLf2n+i{{Ri ^),{I iLllaax)) n > 3, in Part H we assume that h 0 
C'C/2n-i-i((2i, A), (/, O^^^,)) and n = 3 and in Part HI we assume that h £ CLf 2 n+i{{R-, A), {L,Lll^^^)). 

Part I Assume that h ^ CU2n+i{{R^ A), (/, Ll^^^)) and n > 3. 

By Lemma 42, either (1) or (2) in Lemma 42 holds. 

case 1 Assume that (1) in Lemma 42 holds. 

Then there are an /o G £'C/ 2 n-i-i(-Rj A) and an x £ R such that [^°h,Ti- 2 {x)] 0 [/2n-i-i((2?, A), (7, H^^^.)). 
Set go := Ti^_ 2 (x). By Lemma 40 there is an fi £ LfELf2n+i{Ri such that the first n coefficients of 
/i(-I°/i)*i equal (1,0,..., 0)* and the first n coefficients of /i(-^°/i )*2 equal (0,1,0,..., 0)h Set a := A [f^h, ^o]- 
Clearly 


=A[A/i,5fo] 

=^^{90^ + i^°h)*ix{i^°h)~^)-2,*9o^ - (^°^)*2Ax((A/i)"^)_i,*ff^^) 

Hence the Tth row of a equals the i-th row of for any i G {3,..., n}. Since fi £ UEU 2 n+i{R^ A), 

has the form 


^ ^nxn 

0 

* \ 

0 

1 

0 

V 0 

0 

^nxn / 
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Therefore there are A,B,C,D € Mn{R), t,u £ Mnxi{R), v,w £ Mixn{R), z £ R, Ai,B 2 £ Mn- 2 {R), 
A 2 ,Bi £ M^n- 2 )x 2 {R), B 3 G M 2 {R), Bi £ M 2 x{n- 2 ){R) and ti £ M(„_ 2 )xi(-R) such that 


a = 


A 

t 

B 

V 

z 

w 

C 

u 

D 


( Ai A2 

ti 

Bi B2 \ 

0 6 ^X 2 

0 

B3 7?4 

V 

z 

w 

\ c 

u 

D / 


Since [*/r,fi(o] 0 C/ 2 n+i((-R, A), and C/ 2 n+i((-R, A), (/, is a normal subgroup of f 72 n+i({ 2 , A), 

a = A [/oh, 50 ] ^ 17'2n+i((-R, A), [1,0.1^^^)). Hence, by Remark 29, atb # ehb{mod I) or uo* # el{mod I Jo). 


case 1.1 Assume that A ^ e{mod I) V v ^ 0{mod /) V C ^ 0{Tnod I) V D ^ e{mod I). 

We will show that it follows that A ^ e{mod 7) V u ^ 0{mod I) V C ^ 0{mod I). Assume that 
A = e{mod I) Av = 0{Tnod I) AC = 0{mod I). Then clearly 

-1 

dij = {(7~^<T)ij = = cr'ij{mod I) Vi, j G 0+ 

k=l 

where dij is the Kronecker delta (note that u'giToj G 7 since u'q G J{A)fi by Lemma 20 and aoj £ I). It 
follows from Lemma 20, that aij = dij{mod I) yi,j £ 0-, i.e. D = e{mod I). Since this is a contradiction, 
A ^ e{mod 7) V u ^ 0{mod .J)y C ^ 0{mod I). Hence there is a j G 0+ such that a^,j ^ ej{mod 7,7). 

case 1.1.1 Assume there is a j G {1,..., n — 2} such that ^ ej{mod 7,7). 

Set <71 := Tj _(„_!) ( 1 ). Clearly the (n — l)-th row of 

[t 51 ] 

=(e + — cr.t^n-id^o'-jjgi 


1 f CTii \ 


=(e+ n 
0 

—n 


^n—2,j 

0 

0 

croj 

^-n,j 


1 n 0 —n 

fT—l,n —0 1 ^n—2,rL — l ■ 


-1 

CTl,n-l 


-1 V ^-ij / 

1 / CTin-i '' 


~ n 
0 

—n 


0'n-2,n-l 

1 

0 

Co.n-l 
n,n —1 


1 n 0 —n 

^ ( fT—l,jA . . . (T—ji^jX fJoj/X 0 0 0'n—2.j 



-1 


\ cr_i „_i j 
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is not congruent to modulo I, Iq since ^ ej{mod 1,1). Hence [cr, ^ri] 0 U2n+i{{R, ^),{I,^max))- 
Clearly the n-th row of [a, gi] equals and its (—n)-th column equals e_„. Set /2 := Pin and r := R [a, gi\. 
Then the first row of r equals e\ and its last column equals e_i. Hence there are E E M 2 n-i{R), 
a € M(2n-i)xi(R)j S Mi^(2n-i){R)^ 1 ^ R^ A', B',C', D' G Mn-i{R), t',u',ai,a 3 G 
v',w', Pi, G Mix(n-i)(-R) and 02 ,^ 2 , z' G R such that 



( ^ ° 

0 

0 0 \ 

0 o\ 

ai A' 

t' 

B' 0 

E 0 = 

02 v' 

z' 

w' 0 

P 1 ) 

03 C 

u' 

D' 0 


\ 1 Pi 

P2 

P3 1 / 


Since U2n+i{{R,^),{I,^Lax)) is normal, r 0 U2n+i{{R, ^),{I,^inax))- 
case 1.1.1.1 Assume that E 0 U 2 n-i{{R, A), (/, ^max))- 


case 1.1.1.1.1 Assume that A' ^ e{mod I)y B' ^ 0{mod I) V C ^ 0{mod I) V D' ^ e{mod I). 

Then there are i,j G {2,... , —2} \ {0} such that Tij ^ 6ij{mod I). Set g 2 := Then oj := {T~^,g 2 \ 

has the form 

/I 0 0\ 

a; = * e( 2 n-l)x( 2 n-l) Q 

w 1/ 

where w = {w 2 , ■ ■ ■ ,W- 2 ) = (rj 2 , • • • ,^ 1 - 2 ) — e*. Clearly ^ 5ij{mod I) implies that Wj 0 I. Choose 
a k 0,±l,±j and set g^ := Tjk{l), g^ := Tk_j{l) and g^ := T_i^_j(rcj). Note that g^ is not 
elementary since Wj ^ I. One checks easily that 

[[[^H[H^°h,go],gi]-^),g2],g3],g4] 

=[[[iHH^°h,go],gi])-\g2],g3],g,] 

= [[w,fi'3],54] 

=55- 


Hence g^ € H, since H is E-normal. 

case 1.1.1.1.2 Assume that A' = e{mod I) A B' = 0(mod I) A C = 0(mod I) A D' = e{mod I) and 
v' ^ 0{mod i)\/ w' ^ 0{mod I). 

Then there is a j G {2,..., —2} \ {0} such that tqj 0 I. By the dehnition of I there is an a G J(A) such 
that dfiToj 0 I. Choose ab € R such that (a, 6) G A and set 52 := 2Ti(~(o, 6)). Then io := [T~^,g 2 ] has 
the form 

/I 0 0\ 

u; = i* e(2—l)x(2n-l) Q 
W ij 

where w = {w 2 , ■ ■ ■, W- 2 ) = dg{{To 2 , ■ ■ ■, to,- 2 ) — Cq). Clearly Wj = agroj 0 /. One can proceed as in case 

1.1.1.1.1 

case 1.1.1.1.3 Assume that A' = e{mod I) A B' = 0{mod I) A C = 0{mod I) A D' = e{mod I) A v' = 
0{mod i) Aw’ = 0{mod I). 

Since E ^ U 2 n-i{{R, ^), {I^^max))i it follows that t! = too ^ l{mod Iq). By the definition of Iq there is 
an a G J(A) such that a/i(roo — 1) 0 Iq. Choose a b € R such that (a, 6) G A and set 52 := 2Ti(—(a, b)). 
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Then u := [r ^,52] has the form 


/I 0 0\ 

a; = * i)x(2—1) Q 

w 1/ 

where w = {w 2 , ■ ■ ■ ,W- 2 ) = a/-i((To2, ■ ■ ■ ,to- 2 ) - Cq). Clearly Wfc € / V/c € {2,..., -2} \{0} and wo ^ lo- 
By the definition of Iq there is a c € J(A) such that woc 0 I. Choose a d G R such that (c, d) G A and set 
53 := T_2 (c, d). Then [io,g 3 ] has the form 

/I 0 0\ 

[a;, 53 ]= * e(2n-l)x(2n-l) 0 

w' 1/ 


where w' G Mix( 2 n-i)(-R) — W- 2 dX. Clearly 0 I. One can proceed as in case 1.1.1.1.1. 

case 1.1.1.2 Assume that E G U 2 n-i((R, A), (/, and ai = 0{mod I). 

n 

Set .^1 := n Tii{—aii) G EU2n+i{1 1^) E H and n := ^ it . Then 

i=2 


K = 


a 

a' 




/ 1 

0 

0 

0 

0 

\ 

0 

o\ 

0 

A' 

t' 

B' 

0 


E 

0 = 

02 

v' 

z' 

w' 

0 


/3' 

1/ 

03 

c 

u’ 

D' 

0 




1 V 


P '2 

P'z 

1 

/ 


for some fi' G Mix(2n-i)) l'i (^2 ^ ^ £ Mix{n-i){R)- Clearly /Jg = 0{mod I) since 0 = 

6(ei,ej) = = K-ij{mod I) Vj G {—n,...,—2}. Further k ^ [/2n+i((d?, A), (I, since 

r 0 U 2 n+i{{R,A),{I,ni^,^)) and 6 e EU 2 n+i{I,n) C H. 


case 1.1.1.2.1 Assume that there is a j G {3,... , n} such that 0 I- 
Set /21 := Ti 2(—1) and uj := Then to has the form 


/ 1 

e 



* 

\ 

0 

A' 

t” 

B" 

* 


m 

v" 

z" 

w" 

* 


m 

C" 

u" 

D" 

* 


\i' 

P'{ 

P'i 

P'i 

* 

/ 


where e G M3x(n-i)(-^)) B" has the same size as B', C" has the same size as C and so on. Furthermore 


e = 0(mod I) and co_2j = K-ij{mod I). Set ^2 
p has the form 


n 


n Tik{-uJik) G EU 2 n+i{I,^) C H and p := cj^2- Then 

k=2 


/ 1 

0 

* 

* 

* 

0 

A' 

t’" 

B’" 

* 

d '2 

v'" 

z'" 

w'" 

* 

V's 

C" 

u'" 

D’" 

* 

V 7'" 

P'{' 


P's' 

* 
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where B'" has the same size as B", C'" has the same size as C" and so on. Further p- 2 ,j = ^- 2 ,j = 
K-ij{mod I). Since H-ij ^ I, it follows that P- 2 ,j ^ I- Set 52 := T 2 -j{^)- Then 

[p, 92 ] 

= (e + — P*j^P-2,*)92 ^ 


=(e + 


n 

0 

—n 


( 0 \ 

P22 

Pn2 

P02 

P-n,2 


1 


-1 V P-1,2 / 

/ 0 \ 



P2j 

re 

Pnj 

0 

POj 

—re 

P-n,j 

-1 






( P-1,2A 


n 0 —re —1 

P—n,j^ POj P Pnj ■ ■ ■ P2j 0 


re 0 —re 
P-n,2^ P 02 P Pn2 


P22 


-1 


0 )) 5 : 


2 “'- 


(/, A' = e{mod I). Hence P 22 = l(mod I) and p 2 j G I- It follows that [p,g 2]22 ^ l{mod I) since 

P- 2 ,j ^ I- One can proceed as in case 1 . 1 . 1 . 1 . 


case 1 . 1 . 1 . 2.2 Assume that re_i ,2 0 I- 

Set /21 := Ti 3 (—1) and uj := Then oj has the form 


/ 1 

e 



* 

0 

A' 

t" 

B" 

* 

92 

v" 


w" 

* 

93 

C" 

re" 

D" 

* 

\ 7 " 




* 


where e G -Mix(n-i)(^)j B" has the same size as B', C" has the same size as C and so on. Furthermore 

n 

e = 0(mod I) and 01 - 3^2 = K-i^ 2 {fnod I). Set ^2 := 0 Tifc(—wi^) G FT 72 n+i(-1, H) C H and p := a;^ 2 - Then 

k=2 


p has the form 


/ 1 

0 

* 

* 

* 

0 

A' 

i!" 

B'" 

* 

92 

v'" 

z'" 

w'" 

* 

93 

C" 

re"' 

D’" 


V 7 '" 

/3"' 

/3r 

P's' 

* 
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where B'” has the same size as B", C'" has the same size as C" and so on. Further p- 2,,2 = ^^- 3,2 = 
K-i^ 2 {mod I). Since k_i ,2 0 I, it follows that p-sp 0 I. Set 52 := T 3 - 2 {^)- Then 


[P, 92 ] 

-(e + P* 3 P'- 2 ,* ~ P* 2 ^P- 3,*)92 ^ 


1 / 0 \ 

P23 


=(e + 


n 

0 

—n 


Pn 3 

P 03 

P-n ,3 


-1 V P- 1,3 / 


(p-1,2A 


n 0 —n 
P-n, 2 ^ P02P Pn 2 


-1 


P22 0 ) 


1 / 0 \ 

P22 


n 

0 

—n 


Pn 2 

Pm 

P-n ,2 




-1 \ P-1,2/ 


n 0 —n 
P-n, 3 ^ P 03 P Pn 3 


-1 

P23 0 ))fl '2 


Clearly [p,g2]u = e{, [p,g2]*,-i = e_i and [p,g2]33 = ^ + P33P-3,2^ - P32^P-3,3^- Since E G C/2n-i((^, A), 
(/, A' = e{mod I). Hence ps^ = l(mod I) and P 32 S I- It follows that [p,g 2]33 ^ l{mod I) since 

P-3,2 ^ I- One can proceed as in case 1.1.1.1. 

case 1.1.1.2.3 Assume that K-i y G / Vj G {2,... , n} and k_i,i 0 I. 

Then = 0{mod I) and 7 ' 0 I. By Lemma 20, & I \/j & {—n, ■ ■ ■, —2} since K-ij G I Vj G {2, ..., n}. 

It follows that Kji € I '^j £ {—n,..., —2} since = 0 Vj G {—n,..., —2}. Hence 03 = 0{mod I). Set 

/21 := Ti 2 (—1) and lo := Then ui has the form 


( 1 

e 



* 

\ 

0 

A' 

t" 

B" 

* 


92 

v" 

z" 

w" 

* 


93 

C" 

u" 

D" 

* 


\i' 

I3'{ 


P'i 

* 

/ 


where e G has the same size as B', C" has the same size as C and so on. Furthermore 

n 

e = 0{mod I) and iO- 2,2 = ^- 2,2 + k--i ,2 + H- 2,1 + = K-i^i{mod I). Set ^2 := 0 Tik{-iOik) £ 

k=2 
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EU 2 n+i{I-, E H and p := uj^ 2 - Then p has the form 


P = 


/ 1 

0 

* 

* 

* 

0 

A' 

t'" 

B'" 

* 

V 2 

v'" 

z'" 

w'" 


93 

C" 

u'” 

D"' 


V 7'" 

/3r 

/3r 

/3r 

* 


/ 


where B'” has the same size as B”, C'" has the same size as C and so on. Further p- 2,2 = ^- 2,2 = 
K-ip{mod I). Since k_i,i 0 I, it follows that p- 2,2 0 I- Set 52 := T 2 ^_ 3 (l). Then 

[p, 92 ] 


— (e + p* 2 P^- 3 ,* — P*3 ^p'-2,*)92 


-1 


=(e + 


n 

0 

—n 


/ 0 \ 

P 22 

Pn2 

P02 

P-n,2 


-1 V P- 1 , 2 / 


(p-i,3A 


n 0 —n —1 

P-n,3^ P03P Pn3 ■ ■ ■ P23 0 


1 

/ 0 \ 

P 23 

re 

Pn3 

0 

P03 

—re 

P—n,3 

-1 

\ P-1,3 / 

ei, [p,92]*,-i 


n 


0 —n 


-1 


A (^P-1,2A ... P-n,2^ P02P- Pn2 ••• P22 0 ^ )5'; 


2 -'- 


(/, A' = e{mod I). Hence pss = l(mod I) and P 32 S I- It follows that [p,P 2]32 ^ l{mod I) since 
P- 2,2 ^ I- One can proceed as in case 1.1.1.1. 


case 1.1.1.2.4 Assume that K-i,j G / Vj € {1,... , re}. 

Then /3[ = 0{mod I) and 7 ' G I. It follows that 0:3 = 0{mod I) (see case 1.1.1.2.3). Hence a 2 ^ I since 
K 0 U 2 n+i{{R, '^)) {I, ^Inax))- H follows that ;02 ^ ^0 (consider 6 (re*i, re*o))- By the definition of Iq there is 
an a G T(A) such that 0 I. Choose ab ^ R such that (a, 6 ) G A and set /21 := Ts{a, b) and lo := 

Then oj has the form 


/I 

0 

o\ 

/ 1 

0 

0 

A" 

0 

t" 

0 

B" 

0 \ 
0 

a;= p 

E” 

0 = 

P2 

v" 

z" 

w" 

0 

\i' 

13" 

V 

93 

\i' 

C" 

P'i 

u" 

D" 

P 3 

0 

1 / 
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where E" has the same size as E, rj has the same size as a and so on. Further w_i ^3 = —j32a{mod I) and 
therefore w_i ^3 0 I. Hence one can proceed as in case 1.1.1.1 or 1.1.1.2.1. 

case 1.1.1.3 Assume that E G U 2 n-i{{R, ^)) {I, ^max)) ^ 0(mod I). 

Then /Ss ^ Q{mod I) (consider 6(r*i, r*j) for j G {—n,..., —2}). Hence there is an j G {—n,..., —2} such 
that T-i,j ^ I- Choose an z G {2,..., n} \ {—j} and set := Tji{l) and oo := [r, 5 ' 2 ]- Then 


to 

= 52 ] 


1 / 0 \ 

■^2^ 


=(e + 


n 

0 

—n 


‘nj 

Toj 

T_ 


■n,J 


1 

(f_i _iA 


-1 


n 0 —n —1 


1 / 0 \ 

r2-i 


n 

0 

—n 


T—ri.—i 


1 

AA ^f_ijA 


-1 VT-i.-i/ 


n 0 —n 

'^nj 


-1 

f2j 0 ) )g 


-1 

2 • 


Clearly wi* = e\ and = e_i. Hence ui has the form 


1 0 0 ^ 

CO = \ g E" 0 I = 

, 7 " /3" 1 


1 

0 

0 

0 

0 

m 

A" 

t" 

B" 

0 

V2 

v" 

z" 

w” 

0 

V3 

C" 

u" 

D" 

0 

7 " 




1 


where E" has the same size as E, g has the same size as a and so on. Clearly 


UJ 


— l,i — Ij—jj)' 


Since T-ij,T-j-i,T-jj G I, T-i-i = l(mod I) and r_ij 0 /, it follows that LO-i^i ^ I and hence 
w 0 U 2 n+i{{R, ^), {I i^lnax))- Further gi = 0{mod I). Thus one can proceed as in case 1.1.1.1 or 1.1.1.2. 


case 1.1.2 Assume (T*j = ej{mod /, /) Vj G {1,... , n — 2}, ^ en-i{mod I, I) and G I. 
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Set <71 := Ti (1) and consider the first row of 

W,9i] 


1 / cm \ 


=(e -I- n 

0 


—n 


Tra-2,1 

0 

0 

troi 

^—n.l 


0 —n 


-1 


^ l,n—1-^ ■ • ■ — ^ ^ 2,n—1 ■ ■ • 1 ^ 


-1 V cr_i,i / 


which equals 


1 / cri,„_i ^ 


*^n—2,n—1 
1 

n 0 

0 O'o,n-l 

Tl (7—Yi,n—l 


-1 V a 


( c-i.iA ... 


n 0 —n —1 

CT-n,lA CToi/J. 0 0 (T„_ 2,1 ... itll 


-1 

1 




1 0 


n 0 —n 


0 0 0 


-1 


n 


0 —n 


-1 


+ CTll 


<7—l,n—• • • (^—n,n—l^ 0 1 0'n—2,n—l • • • 


n 0 —n 


-1 


— <Tl,n-lA 


(7_i_iA . . . (T_„qA aoifl 0 0 (7n-2,l • • • <7ll 


+ 


n 0 —n 


0 ... 0 0 0 xi 0 


-1 


0 X2 


for some xi,X 2 € R. It is clearly not congruent to e\ modulo /,/q since an = l{mod I), a^^n-i ^ 
en-i{mod I, I) and ai^n-i G I- Hence [a,gi] ^ C/ 2 n-n((-R, A), (/, Clearly [a,gi]n* = and 

[<T,5i]*_n = e_„. Set /2 := Pin and r := R[a,gi]. Then n* = e\ and r*_i = e_i. Since C/2n-Hi((-R, A), 
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(/, is normal, r ^ U 2 n+i{{R, ^), (Ij^max))- can proceed now as in case 1.1.1 (r has the same 

properties as the matrix r in case 1.1.1). 

case 1.1.3 Assume (T*j = ej{mod I, /) Vj G {1,..., n — 2} and ai^n-i 0 I- 
Set gi := T 2 _(„_i)(l) and consider the second row of 

K 51] 

=(e + — o’*_„_iA(T_2 


1 f cri2 \ 


which equals 


=(e + n 
0 

—n 


o'n-2,2 

0 

0 

^02 

0’-ri,2 


0 —n 


-1 




-1 V cr_i ,2 / 

1 / CTin-i 

^n— 2 ,n — l 

1 

n 0 

0 CTo^n-l 

Tl <7—YiYi—l 

— 1 y cr_i „_1 j 


( cr_i 2A . . . 


0 —n 


-1 


0’-n,2A (702^ 0 0 cr„_2,2 ■ ■ • <712 ])9l 


-1 


0 10 


n 0 —n 


0 0 0 


n 


-1 


0 —n 


-1 


+ <7'22 


<7—l,n— ^—n,n—l^ (^0,n—ld 0 1 0'n—2,n—l ■ ■ ■ <^l,n—1 


1 


n 0 —n 


-1 


— <7'2,n-lA 

1 

0 ... 0 0 0 xi 0 


+ 


<7-1,2^ . . . (7_„,2A cr02lf 0 0 cr„_2,2 ■ • • <712 
n 0 —n —1 

0 X2 0 
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for some xi,X 2 S R. Its last entry clearly does not lie in I. Hence [a, gi] 0 U 2 n+i{{R, A), (/, ^max))- 
[<T,5i]n* = and [a,gi]^-n = e_„. Set /2 := Pin and r := f^[a,gi]. Then n* = e\ and r* _i = e_ 
U 2 n+i[{R-, (Ij^inax)) is normal, r 0 C/ 2 n-i-i((-R, A), {1,0.1^^^)). One can proceed now as in case 

case 1.1.4 Assume = ej(mod I, /) Vj G {1,..., n — 1}, (T*„ ^ en{mod /, /) and (7i,i G I. 

Set <71 := Ti^_„(l) and consider the first row of 


[t,5i] 

1 / Til \ 


Tra-2,1 
0 

=(e -I- n 0 
0 CToi 

Tl (7—jii 

-1 V t _ i 4 J 

1 / Ti„ \ 


0 —n 


-1 


(7—Yi,n^ ^Onl^ 1 0 ^n—2,n-- - <^ln ^ 


n 

0 

—rz, 


^n—2,n 

0 

1 

^0,n 

^—n.n 


1 n 0 —n —1 

A (a-_i,iA ... ct_„,iA amg 0 0 ct„-2.i • ■ • tii ) )5r^ 


-1 V (T_l,„ / 


which equals 


n 0 —n 


1 0 ... 0 0 0 


-1 


n 0 —n 


-1 


+ Til 


T—IjTiA . . . (J—n,n^ TOn/J- 1 0 0'n—2,n • • • Ti^ 


Clearly 
[. Since 

1 . 1 . 1 . 
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n 0 —n 


-1 


(ji^A 

(d_i,iA 

• • • <7-n,lA CToiM 

0 0 an- 

-2,1 

1 

n 

0 —n 


-1 

^ (o 

... 0 

0 xi 0 0 

... 0 

X2 


• 0-11 


for some xi,X 2 G R- It is clearly not congruent to e\ modulo I, Iq since an = \{mod I), a^^n ^ en{mod /, I) 
and ain G L Hence [a,gi] ^ [/ 2 n+i((-R, A), (/, Clearly [a,gi]n-i,* = and [cj, 51 ]* = 

e_(„_i). Set /2 := Pi,n-i and r := ■l''^[a,gi]. Then n* = e\ and r* _i = e_i. Since C/ 2 n+i((-R, A), (/, 
is normal, r ^ C/ 2 n+i((-R, A), (/, One can proceed now as in case 1.1.1. 

case 1.1.5 Assume (T*j = ej{mod /,/) Vj G {1,... , n — 1}, (Ti„ 0 I. 

Set <71 := r 2 ^_n(l) and consider the second row of 


, 51 ] 


-(e + a^2a_„ ajfri^a_2 ^,) 3 i 


1 / CTio \ 


=(e + n 
0 

—n 


ai2 

O’rt-2,2 

0 

0 

ao2 

a-n,2 


1 n 0 —n —1 

a—i.n^ ■ • ■ a—ji YiX aQng 1 0 aji—2,n • ■ • a\n 


-1 \ cr_i .2 / 

1 ( ain \ 


n 

0 

—n 


an—2,'i 

0 

1 

aon 


0 —n 


-1 


( Cr_i^2A . . . Cr_„^2A cr02/i 0 0 (T„_2,2 • ■ • <712 ^ )5l 


-1 \ / 
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which equals 


0 1 0 


+ ^22 


— T2nA 


+ 


0 - 

-n 

-1 


0 

0 .. 

■ 0 ) 


n 

0 - 

-re 

-1 

—n,n^ 

dond" 

1 0 0'n—2,n ■ ■ ■ 

din _ 

n 

0 

—re 

-1 

O’—n,2' 

A 0-0211 

0 0 dn-2,2 ■ ■ 

• d-12 

—n 


-1 


Xl 

0 ... 

0 X2 0 

) 


for some xi,X 2 G R- Its last entry clearly does not he in I. Hence [cr,g'l] 0 U 2 n+i{{R,^),{I, ^Inax))- 
Clearly [<T, 5 i]n-i,* = e^_i and [o', 5 i]*-(n-i) = e_(n-i)- Set /2 := -Pi,n-i and r := ^'^[a,gi]. Then n* = e\ 
and r*,_i = e_i. Since 172 n-i-i((-R, A), (/, is normal, r ^ [/ 2 n-i-i((-R, A), (/, One can proceed 

now as in case 1 . 1 . 1 . 

case 1.2 Assume that A = e{mod I) Av = 0{mod I) AC = 0{Tnod I) A D = e{mod I) and B ^ 0{Tnod I). 
Recall that 


a = 


A 

t 

B 

V 

z 

w 

C 

u 

D 


( Ai A 2 

h 

Bi B2 \ 

0 e2x2 

0 

B3 B4 

V 

z 

w 

V ^ 

u 

D / 


where A,B,C,D G Mn{R), t,u e Mnxi{R), v,w e Mixn(-R), z e R, Ai,B 2 G M„_ 2 (R), A 2 ,i?i G 
^I(n- 2 )x 2 {R): Rs ^ M 2 {R), B 4 G M 2 x{n- 2 ){R) and ti G M('„_ 2 )xl( -R)- 
case 1.2.1 Assume that B^ ^ 0(mod /) V H 4 ^ 0{mod I). 

Set 5-1 := T_n,n-iii) and uj := [a~^,gi]. Then 


=[ 0 - ^,gi] 

= (e -|- Cr, _„Crn-l,* ~ — 
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1 / Xan-l \ 


=(e + 


n 

0 

—n 


X(7n,—n 

O-Q.-n 

1 

0 


1 n 0 —n —1 

^0 ... 0 1 0 0 • • • ^n—1, — 1 


-1 V 0 / 
1 ( '' 


n 

0 

—n 


XCr},— ^ — 


O', 


n—l.—n 

0,-(n-l) 
0 
1 
0 


1 

A (o 


n 0 —n 

0 10 (Ttj,, —n 


-1 


^n, — l 


)9i 


-1 


-1 V 0 / 


Since ^ 0 {mod I) or B4, ^ 0 {mod /), (a;_n ..., uo-n-i) # ( 1 , 0 ,..., 0 ){mod I) or (w_(„_i) ..., 

w_(„_i)_i) ^ ( 0 , 1 , 0 ,... , 0 )(mod I). Hence w 0 [/2n+i((l?, A), (/, Further a;_2,* = e^_2 and 

w*2 = 62- Set /2 := Hi _2 and r := Then tu = ej and r* _i = e_i. Since C/2n+i((H, A), (/, i^lnax)) is 
normal, r 0 172n+i((H, A), (/, ^max))- One can proceed now as in case 1.1.1. 


case 1 . 2.2 Assume that B3 = 0 (mod I) A B4 = 0 (mod I) and B2 ^ 0 (mod I). 
Set 


-1 


-1 


i '■= H 7 n_i^fc( — Tnki—CTnk) & EU 2 n+l{I, 0 .) C H 

k=—[n—2) k=—{n—2) 

and to := a^. Then to has the form 



(A' 

t' 

B' \ 

to = 

v' 

z' 

w' 



v! 

D> / 


/ A\ .4' 

t'l 

B[ B' 

0 e 2 x 2 

0 

H' 0 

/ 


/ 

V 

z 

w 

\ c 

u' 

D' 


where A' has the same size as A, B' has the same size as B and so on. Clearly to = a{mod I, I, Io,Io) and 
hence B2 ^ 0 (mod I). Therefore there are an i G { 1 ,... , n — 2 } and a j € {—(n — 2 ),..., — 1 } such that 
u!ij 0 I. Choose a /c G {1,..., n — 2} \ {—j}, set fu := Tjk{— 1 ) and p := Hitj, Then p has the form 



( A" 

t" 

B” 

p = 

v" 

z" 

w” 


\ C" 

u" 

D" 


( A'l 
0 

A” 

g 2 x 2 

i" 

0 

B'{ H" 
H" 0 

v" 

z" 

w" 

\ C" 

u" 

D" 


where A” has the same size as A', B" has the same size as B' and so on. Further pik ^ 5 ik{rnod I). Hence 
A" ^ e{mod I) and thus one can proceed as in case 1 . 1 . 
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case 1.2.3 Assume that = 0{mod I) A B 4 = 0{mod I) A B 2 = 0{mod I). 

Since B ^ 0{mod I), it follows that Bi ^ 0(mod I). Hence there are an i G n — 2} and a 

j G {—n, —(n — 1)} such that Uij 0 I. Set fn := and oj := •^“cr. Then cj has the form 



(A 

t' 

B' 

UJ = 

v' 

z' 

w' 


\ C 

u' 

D' 


a; a; 

t'l 

B[ H' 

0 e2x2 

0 


/ 

f 

/ 

V 

z 

w 

V 

u' 

D' 


where A' has the same size as A, B' has the same size as B and so on. Clearly A = e{mod I) Av' = 
0{mod J) A C = 0{mod I) A D' = e{mod I) A B'^ = 0{mod I) A B'^ = 0{mod I). Further ^ I and 
hence B 2 ^ 0{mod I). Thus one can proceed as in case 1.2.2. 


case 1.3 Assume that A = e{mod I) Av = 0{mod I) AC = 0{mod I) A D = e{mod I) A B = 0{mod I) and 
w ^ 0{mod I). 

Set 

-1 -1 

? := 7n-l,fc( —<Tn-l,fc) Tnki — O-nk) £ EU2n+l{I,^) ^ H 

k=—{n—2) k=—{n—2) 

and uj := a^. Then uj has the form 



(A 

t' 

B' \ 

UJ = 

v' 

z' 

w' 


\C' 

u’ 

D' / 


/a; Ai 

t'l 

B'l B '2 \ 

0 6^X2 

0 

H' 0 

v' 


w' 

\ 

u' 

D' / 


where A has the same size as A, B' has the same size as B and so on. Clearly uj = a{mod I, I, IqAo) and 
hence w' ^ 0{mod I). Therefore there is a j G 0_ such that w'j 0 I. By the definition of I there is an 
a G J(A) such that dfiWj ^ I. Choose a 6 G i? such that (a, 6) G A and set /n := r_i(a, b) and p := 

Then p has the form 


P = 



/ A{ 
0 

A" 

g2x2 

0 

B'{ B'i 
H" 0 

v" 

z" 

w" 

\ C" 

v!' 

D" 


where A" has the same size as A, B" has the same size as B' and so on. Further p-ij ^ 6-1 j{mod I). 
Hence D" ^ e{mod I) and thus one can proceed as in case 1.1. 


case 1.4 Assume that A = e{mod I) Av = 0{mod I) AC = Q{mod I) AD = e{mod I) AB = 0(mod I) Aw = 
0{mod I). 

Clearly z ^ l{mod Iq) since a 0 U 2 n+ii{R, A), (/, Set 

-1 -1 

^ •— Tn—l,k{ <Tn—l,fc) Tnk{ ^nk} G U 

k=—{n—2) k=—{n—2) 


and UJ := a^. Then uo has the form 



(A 

t' 

B' \ 

UJ = 

v' 

z' 

w' 



u' 

D' / 


/a; Ai 

t'l 

B'l B '2 \ 

0 6^X2 

0 

H' 0 

/ 

f 


V 

z 

w 

\ 

u' 

D' / 


where A has the same size as A, B' has the same size as B and so on. Clearly ui = a{mod /, I, IqAo) and 
hence z' ^ l{mod Iq). It follows from the definition of Iq that there is an a G J(A) such that {z' — 1)a 0 I. 
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Choose a b G R such that (a, 6) G A and set /n := 


r_i(a, b) and p := Then p has the form 


P = 


A" 

t" 

B" 


Jf 

r. Jf 

V 

z 

w 

C" 

u" 

D" 


A’! 

0 

A" 

^2 

g2x2 

f" 

^1 

0 

B'( R" 
B'i 0 

v" 

z" 

w” 

\ C" 

u” 

D" 


where A" has the same size as A', B” has the same size as B' and so on. Further poi ^ I- Hence 
v" ^ 0{mod I) and thus one can proceed as in case 1.1. 


case 2 Assume that (2) in Lemma 42 holds. 

Replace h by [h,Tk(y, z)] in case 1. 

Part II Assume that h ^ CU 2 n+i{{R, A), (/, Umax)) n = 3. 
By Lemma 42, either (1) or (2) in Lemma 42 holds. 


case 1 Assume that (1) in Lemma 42 holds. 

Then there are /o,/i G E and go G Gen{E) such that a := go] 0 Ui{{R,A), and a has 

the form 





/ * * * 


\ 

A 

t 

B \ 


* * * 


B 

V 

z 

w 

= 

0 0 1 

0 


C 

u 

D y 


V 

2 ; 

w 




\ c 

u 

D / 


where A,B,C,D G Mo{R), t,u G Moxi{R), v,w G MixsiR) z G R (see Part I). 


case 1.1 Assume that fioi 0 / V cr_ 3 ^i 0 / V (T_ 2 ,i 0 / V cr_ip 0 IV cro 2 0 / V cr_ 3^2 0 L V cr_ 2,2 ^ 4 V cr_i ,2 0 E 
Set gi := Ti__ 2 (l) and ui := [u,s^i]. Then 


ui 


= k, 9i] 

= (e + cr*iCJ_ 2 ^* — ^ 

/ 0-11 \ 


=(e + 


<721 

0 


<701 
<7-3,1 
<7-2,1 

V^-hl/ 

/ <712 \ 
<722 
0 

<702 
<7-3,2 
<7-2,2 
V<7-1,2/ 


(<7-1,2^ <7-2, 2 A <7-3, 2 A <70211 0 Cr22 < 712 ) 


A (<7-1,iA <7-2,iA <7-3,iA (Toi/1 0 (T 21 


Assume that uj G U 7 ((R,A), Then uj = e{mod /, I, Io,/o) by Remark 29. Hence cr*id'-j, 2 A — 

(T* 2 Ad--j,iA = uj^j — ej = 0{mod 1,1) Vj G {1,2,3} and cT*ia- 02 li — <7*2Ad-oi/U = a;*o — eo = 0{mod Io,Io)- 
By multiplying a'l^ resp. cr^* from the left we get cr- 3 , 1 , cr- 2 , 1 , c7-i,i, cr- 3 , 2 , < 7 - 2 , 2 , <7-1,2 G I and <toi,< 7 o 2 G I 
(note that (y'ioi ^20 ^ by Lemma 20). Since this is a contradiction, ui ^ ?77((R, A), (/,Umax))- 
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Further ws* = e| and = e_3. Set /2 := P13 and r := Then tu = e\ and = e_i. Since 

U7{{R,A), { 1 , 0 . 1 ^^^)) is normal, r 0 Ui{{R,A), (/, One can proceed now as in Part I, case 1 . 1 . 1 . 


case 1.2 Assume that aoi,cro2 G (T_3,2, <7-2,2, T-i,2 G I and 0-3-3 0 / V 0-3,_2 0 /• 

By [ 1 , chapter III, Lemma 4 . 3 ] there are xi,X2 G I such that <7_i^i + X2 (xi(T_i^i + fT_2,i) G rad{R) where 
rad{R) denotes the Jacobson radical of R. Set ^0 := T-i-2{x2)T-2-iixi) G EU2n+i{I,^) P H. Then 
P '■= ?o<7 has the form 


P = 





/ * * * 

* 

\ 

A' 

t' 

B'\ 


* * * 

* 

B' 

v' 

z' 

w' 

= 

0 0 1 

0 


C 

u' 

D> 


v' 

z' 

w' 




\ c' 

u' 

D' ) 


where A has the same size as A, B' has the same size as B and so on. Further p = a{mod I, Iq, I, Iq) and 
P-i,i = <7-1,1 + iC2(a:i<7-i,i + <7-2,1) G rad{R). Set gi := Ti3(l) and uj := [p~^,gi]. Then 


UJ 


= [p-\9i] 

=(e + p'^ipz* - _3P-i,*)5r^ 

(Xp-i-i)^ 

XP-1-2X 
Xp-i-^X 


=(e + 


Poi 


^- 1 , 3 ^ 

P-IP^ 

\ / 
/Ap 3 ,-l\ 
^P3-2 
Ap3,-3 

Po-3 

1 
0 
0 


(0010 P3_3 P3-2 P3,-l) 


(P-1,1 P-1,2 P-1,3 P-1,0 P-1,-3 P-1,-2 P-1,-1) )Pi 


-1 


/ 


J). Then p'^-^^p^j - p'^_^p_ij = uj^j - ej = 0 {mod ij) \/j G 


Assume that to G Uy{{R, A), {I 
{- 3 ,- 2 }. By multiplying pi* from the left we get that p3^_3,p3^_2 G I. Since that is a contradiction, 
to 0 C/7((i?, A), (/, Obviously to_i^* = e*'_i{mod I,Io) and to_i__i = l{mod rad{R)) (note that 

rad{R) is involution invariant since “ defines a bijection between maximal left and maximal right ideals 
of R). Set /2 := P3-1 and C := Poj. Then C ^ [/7((i?, A), (I, Further (^3* = e\{mod I,Io) and 

C33 = l(mod rad{R)). By Nakayama’s lemma C33 is invertible. Set ^ := r 32 (-(C 33 )“^C 32 ) 73 i(-(C 33 )“^C 3 i) 
73 ,-i(-(C33)"^C3,-i)T3,-2(-(C33)"^C3,-2) C EU2n+i{I,^) C iL and 7/ := C6- Then g has the form 


g = 





/ * * * 

* 

* * * \ 

( A" 

t" 

B" \ 


* * * 

* 

* * * 

v" 

z" 

w" 

= 

0 0 7733 

P30 

P3,-3 0 0 

\ C" 

u" 

D" ) 


v” 

z” 

w" 




\ C" 

u" 

D" / 


where A" has the same size as A', B" has the same size as B' and so on. Since C ^ U7{{R, A), (I, ^Iriax))^ V 0 
Uy{{R, A), (/, ^Iriax))- Further 7/33 = l{mod rad{R) 0 1 ), 7730 G Iq and 773 _3 € I. Since 773* = e\{mod /, Iq), 
g*-3 = e-3{mod 1 , 1 ) (follows from Lemma 20 ). Hence r7i^_3,772,-3, p_2,-3, P-1,-3 G I, P-3,-3 = l{mod I) 
and 770-3 G I. 
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case 1.2.1 Assume that r/oi ^ / V 0 / V 7/-2,i 0 / V 0 / V ryo 2 0 / V r/_ 3^2 0 / V 7/-2,2 0 / V ?/-i ,2 ^ 

See case 1.1. 

case 1.2.2 Assume that ryoi,ryo 2 G I, r]_ 3 ^i,r]_ 2 ,i,'n-i,i,V- 3 , 2 ,r]- 2 , 2 ,'n-i ,2 € I and r/i _2 ^ / V T/ 2-2 0 
V 7?o -2 0 ^ V r?-3 -2 ^ hi -1 ^ V h 2-1 0 V ho -1 0 V h-3 -1 ^ 

Set <72 := T_i^ 2(1) and 6 := [h; 5 ' 2 ]- Then 


e 

= [h,5'2] 


=(e + h*-ihL - h*- 2 Ah'iJh 2 ^ 
/ ^h-i \ 


=(e + 


h 2 -l 

0 


ho-l 

h-3-1 
h-2-1 

Vh-1,-1/ 

/ ^1-2 \ 
h2-2 
0 

hO-2 
h-3-2 
h-2-2 

Vh-l.- 2 / 


A (h-l-2A h-2-2A h- 3 -2A ho-2h 0 h2-2 hi-2) 


AA(?7_i_iA h-2-lA h- 3 -lA ho-lh 0 h2-l hl-l))h2 • 


Assume that 0 G U7{{R,A), (/, Then r7*__iAh-j,-2A*'^*''^^'*'^^/^ — h*,- 2 h-i-i = 

0 {mod 1 , 1 ) Vj G {3,-2,-1} and T7*^_iAho,-2h — h*,- 2 ho,-ih = ^*0 — cq = 0 {mod Io,Io)- It follows that 
hi-2,h2-2,h-3-2,hi-I,h2-i,h-3-1 G / and 770-2, ho,-1 G I (multiply h-i,* resp. h-2,* ^om the left). 
Since that is a contradiction, 6 0 U7{{R,A), (/, Clearly @3* = e| and ^*,-3 = 6-3. Set /3 := P13. 

Then and (-Ish)*,-! = e_i. Since 0 U-r{{R, A),{ 1 , 0 . 1 ^^^)), one can proceed as in Part I, 

case 1 . 1 . 1 . 


case 1.2.3 Assume that hoi, h 02 , ho,- 2 , ho,-i G I, h- 3 , 1 , h- 2 , 1 , h- 1 , 1 , h-3,2, h- 2 , 2 , h- 1 , 2 , hi- 2 , h 2 ,- 2 , h-3,- 2 , 
hi,-i, h2,-i, h-3,-1 G / and hn “ 1 0 -I V h2i 0 -I V h- 1,3 ^ -I V h- 1,-2 0 V h-i,-i - 1 0 /• 

Set 52 := Ti 3(1) and 6 := [h“\h 2 ]- Then 


0 

= [h"\h 2 ] 


= (e + hllhS* - h*,-3h-l,*)h2 ^ 


=(e + 


Ah_l,_lA^ 

Ah-i,-2A 

Ah-i,-3A 

_hoi 

h-i.sA 
h-l, 2 A 
V h-i,iA / 


(0 0 h33 h30 h3,-3 0 0 ) 
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0 

_ 0 
A%-3 
^ 0,-3 
V33 
0 

V 0 ) 


{rj-i,! r/_i,2 ??-i,3 V-ifi 11-1-3 11-1-2 r?_i_i))5f. 




Assume that 9 G C/7((ii, A), (/, Then Ar/_i__iAr/33 — 1 = 0i3 G / and Xri-i^-2^il33 = ^23 S Since 

7/33 = l(mo(i I), it follows that 7/_i^_i — l,r/_i^_2 G /. Since by assnmption 6 G U7{{R,A), (/, 

^*3 — 63 

=?/*l ?/33 - hi- 3 ^- 1,3 - (1 0 -Ar/3 _3?/_i,i -r/^ _3r/-l,l -h 33 h-l,l 0 0 )* 

is congruent to 0 modulo /, /. By multiplying r/_3^* from the left we get that r/_i^3 G I since r/_3^i, ?/_i^i G I. 
Further 7/_i^3Ar/3o — fjssri-ifl = 0-3,o S -^o- Since r/_i,3 G / and r/33 = l(mod /), it follows that ?/-i,o S -^o 
(note that / C /q). Hence ?/-i,* = e^_^{mod /,/q) and therefore 7/*i = ei{mod 1 , 1 ) (follows from Lemma 
20 ). This implies r/n — l,r/2i € I- Since that is a contradiction, 9 0 One checks 

easily that 9 has the form 


/ 

1 

0 


+ 

+ 

0 

+ \ 


0 

1 

* 

+ 

+ 

0 

+ 


+ 

+ 

+ 

+ 

+ 

+ 

+ 


+ 

+ 

* 

+ 

+ 

+ 

+ 


+ 

+ 

* 

* 

+ 




0 

0 

+ 

+ 

+ 

1 

+ 

1 

0 

0 

+ 

+ 

+ 

0 

+ / 


where a + at a position {i,j) means that the entry at this position is congruent to 6ij modnlo I if i,j G &hb, 
congruent to 6 oj modnlo I if i = 0 ,j G &hb, congruent to 6 io modulo Iq i G Qhb,j = 0 and congruent to 
1 modulo Iq i = j = 0 . A * stands for an arbitrary entry. 

case 1 . 2 . 3.1 Assume that 0i3 0 / V 023 0 I- 
Set gs := T_2,i(l) and r := [0“\h3]- Then 


= [0 \S' 3 ] 

=(e + 0l,_20i* “ 0l,-lA02*)fi'3 ^ 
/A02,-i\ 


=(e + 


__0 
A02,-3 
01 


0,-2 
23 
22 

V ^21 / 

/A0'i,-i\ 
__0 
A01,-3 
^ 0,-1 
013 
012 

V ^'11 / 


(011 012 013 010 01,-3 0 01,- 1 ) 


A (021 022 023 020 02,-3 0 02,-l))fl'3^- 
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Assume that r € Ut{{R, A), (I, ^max))- Then t*3 — 63 = = 0 {mod I, I). It follows that 

013,023 € I which is a contradiction. Hence r 0 Uj{{R, /S), (/, Clearly r2* = and r*__2 = e_2. 

Set /4 := P12. Then = e\ and (^r)* _i = e_i. Since ^^^0 ^ U7{{R,A), one can proceed 

as in Part I, case 1 . 1 . 1 . 


case 1.2. 3 .2 Assume that 6*13, 023 S I- 

It follows that 0_3,-2,0-3,-! e I (consider 6(0*3, 0 *-2) and 6(0*3, 0*^-i)). Set ^3 := r 23 (-^' 23 )T 2 ,-i(- 02 ,-i) S 
EU2n+i{I, H) C H and x := 0 ^ 3 - Then x has the form 


/ 

1 

0 

+ 

+ 

+ 

+ 

+ 

\ 


0 

1 

0 

+ 

+ 

+ 

0 



+ 

+ 

+ 

+ 

+ 

+ 

+ 



+ 

+ 

* 

+ 

+ 

+ 

+ 



+ 

+ 

* 

* 

+ 

+ 

+ 



0 

0 

+ 

+ 

+ 

+ 

+ 


V 

0 

0 

+ 

+ 

+ 

+ 

+ 

/ 


Since 0 0 U7{{R,A), (/,H^„^)), x 0 Uj{{R,A), (/,H^„^)). Set 53 := r3i(l) and V’ := [x,03]- Then 


ijj 

= [x,93] 

= (e + X*3x'i* - X*,- 1 A- 3 ,J 03 ’^ 

/ Xl3 \ 

0 

X33 

=(e + X03 

X-3,3 
X-2,3 

VX- 1 , 3 / 

/ X1,-1 \ 

0 


A(x-i,-iA X- 2 ,-iA X-3,-iA xo -19 X3,-i 0 xi,-i) 


X3,-l 

Xo,-i 

X- 3,-1 

X- 2,-1 

VX- 1 ,- 1 / 


(x-i, 3A X-2,3A X-3,3A X03/^ X33 0 Xl3))fl': 


-1 


Assume that ill € Ui{{R, A), (/, ^Inax))- Then 

X-3,3AX-1,-iA — X-3,-1X-1,3A — (X-3,3AX-3,-iA — X-3,-1X-3,3A) = 1 ^- 3,1 S I. 
It follows that X- 3,3 S I since X-i,-i = l(mod I) and X- 3 ,-i G I- Further 


X03Ax-i,-iA — xo,-iX-i,3A — (xo3Ax-3,-iA — xo,-iX- 3,3A) — V'oi G i. 

It follows that X 03 e i since X-i,-i = l{mod I) and X-i, 3 , X- 3 ,-i, X- 3,3 G F. Hence x G UjiiR, A), (/, Q^ax)) 
which is a contradiction. Therefore ^ Uj{{R,A),{I, ^max))- Clearly '02* = and '0*,-2 = £-2- Set 
/4 := Pi2. Then (•^ 4 ^)i* = and (*!/))*_! = c-i. Since ^0, 0 177 ((i 2 , A), (/, one can proceed as 

in Part I, case 1 . 1 . 1 . 


case 1 . 2.4 Assume that r/oi, "002,-00,-2, ??o,-i G /, 0-3,1,-0-2,i, 0 -i,i, 0-3,2,0-2,2,0-i,2, 01,-2,02,-2, 0 - 3 ,- 2 , 0 i,-i, 
02 ,- 1 , 0 - 3 ,- 1,011 - 1 , 021 , 0 - 1 , 3 , 0 - 1 ,- 2 , 0 - 1 ,-! - 1 G / and 012 0 / V 022 - 1 0 F V 0-2,3 0 F V 0 - 2,-2 - 1 0 
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I V r?-2-1 ^ / V 7/13 0 / V r /23 0 -?"• 

Set 52 := T2 i{1 ) and 6 := [r/,52]- Then 


= [r],92] 


=(e + v*2v'i* - V*-iV- 2,*)92 ^ 

( m2 \ 

922 
0 

= (e + 7/02 


A ( 7 /_i _iA r/_2-lA 7/_3 _iA 7 / 0-15 0 92-1 9 i-i) 


9 - 3,2 
9 - 2,2 
\ 9 -i, 2 j 

( m,-i \ 
92,-1 
0 

90,-1 
9 - 3,-1 
9 - 2,-1 
\9-i,-iJ 


{ 9 - 1 , 2 >^ 5-2,2 a 5-3,2A 5025 0 522 512) ) 5 ; 


-1 


Assume that 0 G C/7((ii, A), (/, Then 5*2A5i^_i — 5*,-1512 = 6**^_i — e_i = 0 {mod 1 , 1 ). It follows 

that 512 G /. Further 9*2^92,-! — 5*,_i522 + e_i = 0 *,-i — e_i = 0 {mod /, /). By multiplying 5^_i from the 
left we get that —522+511 G I which implies 922 = l{mod I) since 511 = l{mod I). Hence 5*2 = 62(mod I, I) 
and therefore 9-2,* = e(_2(mod I,Io). This implies 5*,-2 = e_2(mod /,/) and 5*,-i = e_i(mod /,/) and 
therefore 52* = e\{mod I, Jo) and 51* = e\{mod I,Io)- Thus 5-2,3,5-2,-2 - 1,5-2,-1,513,523 S /. Since 
that is a contradiction, 9 0 Uy{{R,A), {I, ^max))- Clearly @3* = 63 and d*,-3 = e-3. Set fs := P13. Then 
(^^ 9 )u = e\ and {^^ 9 )„-i = C-i. Since 0 UrdR, A), (/, one can proceed as in Part I, case 1 . 1 . 1 . 


case 1 . 2.5 Assume that 501,502, 5o,-2, 5 o,-i G I, 5 - 3 ,1,5-2,i, 5 -i,i, 5 - 3 , 2 ,5-2,2,5-i,2, 51,-2,52,-2, 5 - 3 ,- 2 , 
51,-1,52,-1, 5 - 3 ,-1,511 - 1 ,521, 5 - 1 , 3 , 5 -i,- 2 , 5 -i,-i - 1 ,512,522 - 1 , 5 - 2,3 , 5 - 2,-2 - 1 , 5 - 2 ,-1, 513,523 G / and 

503 ^ ^ V 5-3,3 ^ /. 

By [ 1 , Chapter III,Lemma 4 . 3 ] there are 51,52 G I such that 5-1,3 + 52(515-1,3 + 5-2,3) G rad{R). Set 
6 := T-i,-2(52)7+2,-1(51) G U and 9 := ^35. Then 0 = 9{mod iJjoJo), 033 = 533 = l(mod rad{R)) 
and 0 - 1,3 = 7 /-i ,3 + 52(515-1,3 +5-2,3) G rad{R). Set /21 := r3,-i(-l) and r := R^9. Then r3* = 
e\{mod IJo), T33 = l{mod rad{R)), ro,-i = 0 o,-i + 0O3 = 003 = 903{'mod I) and r-3,-1 = 0-3,-1 + 
0-3,3 = 0-3,3 = 7/-3,3(mod I). Hence ro,-i 0 I V T-3,-1 0 I. Set ^4 := T32{-{t33)~^T32)T3i{-{t33)-^ 
r3i)r3,-i(-(r33)“V3,-i)r3,-2(-(r33)“V3,-2) G U and y := tU- Then y has the form 


/ A"' 

t'" 

B'" \ 


/ * * * 

* * 5 K 

0 0 y 33 

* 

* 

X 30 

* >K * \ 

* * 

X3,-3 0 0 

v"' 

z"' 

w'" 

\ C" 

v!” 

D’" J 

v'" 

z”' 

w"' 


\ C" 

u'" 

D'" / 


where A'" has the same size as A", B'" has the same size as B" and so on. Further y33 = l(mod rad{R)r\I), 
yso G /q, y3,-3 G I and yo,-i 0 / V y-3,-1 0 /. One can proceed now as in case 1 . 2.1 or case 1 . 2 . 2 . 


case 1 . 2.6 Assume that 501,502,5o,-2, 5 o,-i,503 G I and 7/-3,i,7/-2,i,5-1,1,5-3,2,5-2,2, 5-1,2,5i,-2,52,-2 
9 - 3 ,- 2 , 91 ,- 1 ^ 92 ,- 1 , 9 - 3 ,- 1,911 - 1,521,5-1,3,5-1,-2,5-1,-! “ 1,512,522 - 1 ,5-2,3,5-2,-2 - 1,5-2,-1,513,523 
5 - 3,3 G 1 . 
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It follows that rjoo ^ l{mod Iq), since rj 0 C/ 7 ((i?, A), (/, Hence there is an a G J(A) such 

that (t/oo — l)a 0 I- Choose a 6 € i? such that (o,6) € A and set /21 := Ti{a,b) and r := 

Then r 3 i,T 32 ,r 3_2 = 0, r 33 = l(mod rad{R) D /), r 3 o G Iq, r 3 _ 3 ,T 3 _i G I and tq-i ^ I. Set 
6 := 73,-1 (-('r 33 )“^'r 3 -i) G U and x := Then x has the form 





/ * * * 

* 

* * * \ 


( A!" 

t'” 

B'" \ 


* * 

* 

* * 

x = 

v"' 

z'" 

w'" 

= 

0 0 X33 

X30 

X3,-3 0 0 


\ C" 

u'" 

D'" J 


v"' 

z"' 

iv'" 




\ C" 

u'" 

D'" / 


where A'" has the same size as A" , B"' has the same size as B" and so on. Further X33 = l(mod rad{R)<Al), 
X30 G Iq) X3,-3 G I and xo,-i 0 7 . One can proceed now as in case 1 . 2.1 or case 1 . 2 . 2 . 

case 1.3 Assume that fToi,cJo2 G I, fT_3,i, f7_2,i, u_ix, u_3,2, u_2,2, o--i,2, o-3,-3, o-3,-2 G 7 and <73 _i 0 I. 

Set /ii := T 2 i( 1 ) and p := Clearly / 9 oi,/Oo 2 G 7 and /9_3,i,/9_2,i,P-3.2,/5-2,2, P-1,2 G 7 . Further 

ps* = (0 0 1 0 0-3 _3 0-3 _2 + 0-3 _i 0-3 _i) . 

Since <T3^_2 G 7 and ^ /, P'i,-2 = <73,-2 + <73,-1 0 I- One can proceed now as in case 1 . 2 . 

case 1.4 Assume that f7oi,cJo2 G I, fT_3,i, o-_2,i, fj_3,2, <7_2,2, o--i,2,0-3 .3,73 _2, 0-3 _i G 7 . 

One can proceed as in case 1.2 (u has the same properties as C, in case 1 . 2 ). 

case 2 Assume that ( 2 ) in Lemma 42 holds. 

Replace h by [/i, Tfc(y, z)] in case 1 . 

Part III Assume that h G CU2n+i{{R^ ( 7 , ^max))- 

Since h ^ CU2n+i{{R-i A), ( 7 , II)), there is a 5(0 G EU2n+i{R-, ^) such that a := [h, 50] 0 U2n+i{{R-, ^), ( 7 , H)) 
Since h G C'f 72 n+i((R, A), (/, a G U2n+i{{R, ^), {I,^Lax))- By Lemma 39 , there is an /n G 

TFT/2n+i(R) A) such that (/ii<7)ii is left invertible. Set k := Ti^j. Clearly kh = (/ii<7)ii and hence kh 
is left invertible. Further n G C/2n+i((R, A), (I, H^^^,)) \ I72n+i((R, A), { 1 , 0 )) (note that [/2n+i((R, A), (/, 
H)) is E-normal by Remark 31 (b) and Lemma 32 ). Let x be an left inverse of kh and set ^0 := 
72i((1 — «^ii — i^2i)x) G EU2n+i{I,0) C H, fi2 := Ti2 (1) and 00 := ■^^^(^o^)- One checks easily that 
wii = 1 and (u G U2n+i{{R, A), (/, H^J) \ U2n+i{{R, A), (I, 0 )). 


case 1 Assume that g(ti;*i), g(a;*^_i) G H. 
Set 


-2 


2 


C2'—Tii—-iq ^(w*,-i)) 7'j^_i(—Wj__i)T_i(—^(a;*!)) Tji(—Wji) G F772n+i(7, H) C LI 

i=2 i=—2 

if^O i^O 


where q ^( a;*^_i) 
such that 


(gi(a;*,-i),g 2 (w*,-i)) G n Further set r := ^ 2 ^- Then there is an A G M 2 n-i{R) 



Clearly r G 172n+i((R, A), (/, n^„,j,))\[/ 2 n+i((R, A), (/, H)). Hence, by Lemma 28, there is a j G {2,...,-2}\ 
{0} such that q{T,tj) 0 H or there is a y G 7(A) such that ((?(t*o) — (IjO)) •y ^ 0. 


case 1.1 Assume that there is a j G {2,..., n} such that q{Tt,j) 0 0. 
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Set <71 := and := [r,51]. It is easy to show that 


-2 


C = T-i{q{T^j) + (0, -T_jj + T-jjX)) Tiiinj - 5ij] 

i =2 

i^O 


-2 


Set ^3 := ( n - Sij)) ^ G EU2n+i{I, Q H and 52 := 7hi(g(r*j) + ( 0 , -T-jj + T-jjX)). Note that 

i =2 

i^O 

<72 is not (/, r 2 )-elementary since 0 il. Clearly 

[ 6 '^^^(^o'^“[^, 5 o]), 5 i ]^3 = C ?3 = 92 - 
Hence g2 ^ H, since H is E-normal. 

case 1.2 Assume that there is a j G {—n, ,..., — 2 } such that q{Ttfj) ^ H. 

See case 1 . 1 . 


case 1.3 Assume there is a y G J(A) such that ((7 (t*o) — ( 1 , 0 )) • y ^ H. 

Choose a z ^ R such that {y,z) G A and set gi := T_i(y, z) and ( := [r, yi]. It is easy to show that 

-2 

C = r_i((y(r*o) - (1,0)) • y)'[{Tii{Tioy). 


i =2 

i^O 


-2 


Set 6 := (n Tii{Tioy)) G EU2n+i{I,^) E H and 52 := r_i((y(r*o) - ( 1 , 0 )) • y). Note that 52 is not 

i =2 

(/, n)-elementary since (y(r*o) — ( 1 , 0 )) • y 0 H. Clearly 

[ 6 '^^^(^o'^“[^, 9 o]), 9 i ]6 = C6 = 92 - 
Hence g2 ^ H, since H is E-normal. 

case 2 Assume that g(a;*i) ^ H. 

Set ^2 := ri3(-wi3)ri _2(-a;i-2) G EU2n+iiI,^) C H and y := 01^2- Then clearly yn = 1 , yi3 = yi _2 = 
0 , y G U 2 n+i{{R,^),{I,^Lax)) and 9 i 9 *i) i 

case 2.1 Assume that q{g^,-2) G H. 

Set ^3 := n T)i(-yii) G EU2n+i{I-,^) E H and r := Further set x := r_i(-y(?7*i)) G E;i72n+i((i?, A), 

i =-2 

(/,HLJ)- ThenC := XT has the form 

'l * A 
C = I 0 A * 

,0 0 1 , 

where A G M2n-i{R)- One checks easily that ( G U2n+i{{R,^),{I,^max)) and (7(C*,-2) G 11 . Set yi := 
ri2(-l). Using the equality [a/?, 7] = "[/3,7][a,7] one gets that [r,yi] = [x'^C,^!] = ^ [C, 9 i][x~^, 9 i]- 

It is easy to show that [C,yi] G EU2n+i{1 1 ^) and hence ^ ^[C, 5 i] ^ T'U2n-i-i((.R, A), (/, H)) C El. On 
the other hand [x“^fl'l] = T_i,2(-92(y*i))T_2(-y(y*i)) by (SI), (SEl) and (SE 2 ). Set ,^4 := (^ ^[(,51] 
T-i,2(52(7*1)))“^ G EU2n+i{{R,^),iI,^)) U H and y2 := T_2(-y(y*i)). Note that y2 is not (/,H)- 
elementary since <7(7*1) 0 0 . Clearly 

C 4 [ 6 ^^^(?o^“[h,yo]) 6 , 5 i] =C 4 [T,yi] = 92 - 
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Hence g2 ^ H, since H is E-normal. 
case 2.2 Assume that q{ri^,-2) 0 

Set gi := r_2-3(l) and C := [77,51]. Then clearly Cii = 1 and C € C/2n+i((i?, A), (I, ^l^ax))- Further, by 
Lemma 41, (7(C*,-3) = q{g^,-2){mod H) (which implies C 0 C^2n+i((.R, A), (/, H)) since q{g^,-2) 0 H) and 
^(C*!)) ^(C*,-!) S n. One can proceed now as in case 1 . 

case 3 Assume that g(a;*i) € H and 0 Q. 

See case 2 . □ 

Theorem 44 . Let H he a subgroup of U2n+i{R,^)- Then H is E-normal if and only if there is an odd 
form ideal (/, Ll) of {R, A) such that 

EU 2 n+l{{R, A), (/, n))CHC CU 2 n+l{{R, A), (/, 11)). 

Eurther (I, Ll) is uniquely determined, namely it is the level of H. 

Proof. 

Suppose that H is E-normal. Let (I, Ll) be the level of H. Then 

EU2n+l{{R,^), CMC CU2n+l{{R,A), (7,0)). 

by Lemma 43 . Let {!', H') be and odd form ideal such that 

EU2n+i{{R, A), (/', H')) c 77 C CU2n+i{{R, A), (7', Q')). 

Then, by the standard commutator formulas, 

7 T/ 2 n+i(( 7 ?,A),( 7 ,L!)) 

= [EU2n+l{{R, A), (7, H)), EU2n+l{R, A)] 

C[C'[/2„+i((7?, A), (7', H')), EU2n+i{R, A)] 

=7T/2n+i((7?,A),(7',L!')) 

It is easy to deduce that I 'L P and H C H'. By symmetry it follows that 7 = 7' and 11 = H'. 

4 =: 

Clearly 

[77,7T/2„+i(7?,A)] 

C[Ct/2n+l((72, A), (7, H)), EU2n+l{R, A)] 

=EU2n+l{{R,A),{I,n)) 

and hence 77 is E-normal. □ 

4.2. Noetherian case. In this subsection we assume that R is Noetherian. Further we assume that there 
is a subring C of Center{R) such that 

( 1 ) c = c for any c ^ C, 

( 2 ) if (7, H) is an odd form ideal of (7?, A), ( 0 , x) € H and c € C, then ( 0 , cx) G H and 

( 3 ) Rm is semilocal for any maximal ideal m of C. 

In ( 3 ), Tin, denotes the ring where 5 n, = C \ m. If m is a maximal ideal of C, set (|) := |, Am := y, 

5m := f •= e A,s G Sm}. Then (( 71 m, ”,Am,5m),Am) is an odd form ring. If ( 7 , 11 ) 

is an odd form ideal of ( 71 , A), set 7 m := {^\x £ I,s £ S'm} and H,,, := {(f, ^)\{x,y) £ Ll,s £ 5 m}. Then 
( 7 m, Urn) is an odd form ideal of ( 71 m, Am). Denote the localisation homomorphism R —>• 71 m by /m. Clearly 
/m induces a group homomorphism Fm : ?72n-i-i(71. A) —>■ f72n-i-i(71m) Am). 
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Lemma 45 . Let { 1 , 0 .) be an odd form ideal of {R, A) and h ^ U2n+i{R,A)\CU2n+i{{R,A),{I,Q)). Then 
there is a maximal ideal m of C such that Rm{h) £ t^2n+l (-^mj ^m) \ C*L2n-|-l ((-^rri) ^m)) ^^m)) • 

Proof. Since h G U 2 n+i{RiA) \ CU 2 n+i{{R, A),{I ,Ll)), there is a (7 G EU 2 n+iiR,A) such that a := 
[h,g] 0 U 2 n+i{{R,A),{I,Ll)). We will show that there is a maximal ideal m of C such that Fm{cr) = 
[^Tn(^))( 5 )] 0 f^ 2 n+l ((-^TTi) ^m)) (-^m; f^m)) which implies that ^ C*f^ 2 n +1 ^m); (-^m; f^m)) • 

case 1 Assume that a ^ e{mod I, I, Iq, Iq). 

Then either ahb ^ ehbimod I) or uo* ^ e^imod I, Iq) (compare Remark 29). 
case 1.1 Assume that ahb ^ ehb{mod I). 

Then there are i,j G @hb such that aij ^ 5 ij{mod I). Set Y := {c G C\c{aij — 5 ij) G /}. Since aij — dij ^ /, 
y is a proper ideal of C. Hence it is contained in a maximal ideal m of C. Clearly T C tn and hence 
5m n y = 0. Assume {Fm{a))ij — 5 ij = ^ G /m- Then 

3xG/,sG5m:^^^^ = - 
1 s 

=> 3x G /, s, t G 5 m ; t{s{aij — 5 ij) — x) = 0 
3 x G /, s, t G 5 m ; ts{aij — 5 ij) = tx G I 
G 5 m : u{aij — 6ij) G I 
3 u G Sm ■ u G Y. 


But this contradicts 5mny = 0. Hence {Fmia))ij—5ij 0 Im and therefore Fm{a) ^ U 2 n+i{{Rm, Am), (/m, ^m))- 
case 1.2 Assume that uo* ^ e\^{mod /,/q)- 

One can show that it follows that (Tm(<7))o* ^ e\^{mod Im, {Im)o) (see case 1.1). Hence Fm{a) 0 U 2 n+i{{Rm, 
Am), (.fin, ffm))- 


case 2 Assume that a = e{mod I, I, Iq, Iq). 

It follows that either 3j G @hb ■ Q{^*j) ^ Ll 01 3x G J{A) : {q{a,^o) — (1,0)) • x ^ fl since a 0 
U 2 n+l((R,A),(I,n)). 

case 2.1 Assume that 3j G Qhb ■ q{(^*j) 0 

Set y := {c G C\q{a^:j) • c G H}. Since q{a^,j) 0 H, y is a proper ideal of C. Hence it is contained in a 
maximal ideal m of C. Clearly y C m and hence 5m H y = 0. Let x,y G R such that q{a^j) = {x,y). As¬ 
sume q{{Fm{a)),tj) = (j, |) G Llm- Then there are a (x', y') G Ll and an s G 5m such that (f, f) = (y, ^). 
Hence 

x x' 

1 s 

=> 3t G 5m : t{sx — x') = Q 
=> 3t G 5m : t.sx = tx' 


y = ]L 

1 

^ 3u G 5m : u{s‘^y - y') = 0 
3u G 5m : us^y = uy'. 


and 
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It follows that 

{tsx, us^y) = {tx', uy') 

^{utsx^t^v? s^y) = {utx,t^u^y') 

=>(x, y) • uts = {x\ y') • ut £ Q 

€ n 

€ y. 

But this contradicts S'mny = 0. Hence QiiFm{(T))*j) 0 and therefore Fm^a) 0 C/ 2 n+i((-Rm) -^m)) {Im, 

Thus 4>m{h) does not commute with 4>m{g)- 

case 2.2 Assume that 3x £ T(A) : (g(<T*o) — (1,0)) • x 0 H. 

One can show that it follows that ((?((ym(o'))*o) “ (IjO)) • fm{x) ^ (see case 2.1). Hence ymCo") 0 
h^2n+l((.^m) A„a), {Im, Hna)). HI 

Lemma 46. For any maximal ideal m of C there is an sq £ Sm such that fm is injective on sqR. It follows 
that Fm is injective on U 2 n+i{R, I^)l^GL 2 n+i{R, sqR), where GL 2 n+i{R, sqR) denotes the normal subgroup 
{a £ GL 2 n+i{R)\cr = e{mod sqR)} of GL 2 n+iiR)- 

Proof. For any s € jSm set y(s) := {x £ R\sx = 0}. Then for any s £ 5m, y(s) is an ideal of of R. 
Since R is Noetherian, the set Z := {y(s)|s £ 5m} has a maximal element y(so). Let s £ Sm- Then 
y(so),y(s) y y(so'S). since y(so) is maximal, it follows that y(so) = and hence y(s) C y(so). It 

follows that y (so) is the greatest element of Z. Clearly all elements x £ sqR have the property that sx = 0 
for some s G 5m implies x = 0. We will show now that fm is injective on sqR. Assume that fm{x) = fm{y) 
where x,y £ sqR. It follows that there is an s G 5 such that s(x — y) = 0. But this implies x — y = 0 since 
X — y £ SqR. Hence fm is injective on sqR. Clearly the injectivity of fm on sqR implies that Fm is injective 

on F 2 n+i(F, A) n GL 2 n+i(F, so-R)- H 

In the next lemma we will use the following notation. If f G C, set tA := A*t + (0, tA) where A = A(A). 
One checks easily that {tR, tA) is an odd form ideal of {R, A). Now suppose m is a maximal ideal of G and 
s £ 5m. We denote the subset {f |x G tR} of {tR)m by {l/s)tR. Further, for any e G {±1} we denote the 
subset {i^,^)\{x,y) £ (tA)^} of (tAm)'^ by (instead of (l/s)tA^ we sometimes write (l/s)fA). 

For any N G N we denote by {{l/s)tR, (l/s)tA) the subset of EU 2 n+i{{tR)m, (^A)m) consisting of all 
products of N elementary matrices of the form Tij{x) where x G {l/s)tR or Ti{a) where a £ (l/s)tA“’^Li. 
Instead of {{l/l)tR, (l/l)fA) we sometimes write E^{tR,tA). If fc G N and Mi,... ,Mk are subsets of 
F 2 n+i(Fm, Am), then ^>‘{.. {^'^E^ {{1 /s)tR, (l/s)tA))...) denotes the set of all product of N matrices 

of the form °'i(.. {^^ y) ■ ■ ■) where Uj G Mj Vi G {1,..., fc} and y £ E^{{1/s)tR, {l/s)tA). 

Lemma 47. Let m. he a maximal ideal of C, s £ Sm and t £ C. Given iL, F, m G N there are fc, M G N, 
e.g. k = {m + 2)4^ + 2 • 4^“^ + • • • + 2 • 4 and M = L ■ 22^, such that 

^ E^{s^tR,s^tA). 

Proof. In order to prove the lemma it clearly suffices to prove the case that L = 1. We will do this by 
induction on K. 


K = 1 

Let m G N. We have to show that 

El((lA)tF(l/sVA)^l^^(m+2)4^^^^(m+2)4^^) C E^'^ {s'^tR, s'^tA). 

Let a £ E^{{l/s)tR,{l/s)tA) and r G E^{s^'^~^‘^1‘^tR, s^'^^'^'^^tA). We have to show that p := £ 

E‘^‘^{s^tR, s^tA). 
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Part I 

Assume that a and r are short root matrices. Then p € by [ 5 , proof of Lemma 4 . 1 , Case I]. 

Part II 

Assume that a is an extra short root and r a short root matrix. Hence there are h, i,j G Qhb where i ^ ±j, 
{y,z) G and x G such that a = Th{y,z) and r = Tij{x). 

case 1 Assume that h ^ j, —i. 

Then a and r commute by (SEl) in Lemma 23 . Hence p = t ^ E^(s^tR, s™tA). 
case 2 Assume that h = j. 

Then 

p = Tj{y, z)Tij{x)Tj{-_^(^j){y, z)) 

= Tij{x) Tij{-x)Tj(y, z)Tij{x)Tj(y, z)) 

'-V-' 

{SE2) 

G E^{s^tR,s^tA). 

case 3 Assume that h = —i. 

This case can be reduced to case 2 using (SI). 

Part HI 

Assume that a and r are extra short root matrices. Hence there are h,i ^ Qhb, ixi,yi) G (l/s)(tA)“'^(^) 
and {x2,y2) G such that a = Th{xi,yi) and r = Ti{x2,y2)- 

case 1 Assume that h ^ Ei. 

Then 

p = Thixi,yi)Ti{x2,y2)Th{--e{h){xi,yi)) 

= Th{xi,yi)Ti{x2,y2)Th{--e{h){xi,yi))Ti{-_^i^P,{x2,y2))Ti{x2,y2) 

' -V-' 

{E2) 

= T/i1/2) 

G E‘^{s^tR,s^tA). 

case 2 Assume that h = i. 

Then 

p = Ti{xi,yi)Ti{x2,y2)Ti{-_^{i){xi,yi)) 

' -V-' 

(El) 

= Ti{x2,y2 - - X2PmXl)) 

G E^{s^tR,s'^tA). 


case 3 Assume that h = —i. 

One checks easily that there is an {a,b) G such that {x2,y2) = {cL,b) where 

c := —. Choose a p G Qhb such that p 7^ Eh and e{p) = e{—h). By (SE 2 ), 

r = T_h{x2,y2) = Tph{-ch)[T_h,p{c),Tp{a,b)]. 
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Hence 


= T,(xi,,0(Tp^(_c6)[r_;,,p(c),rp(a,6)]) 

V V V ^ V V 

Part II, case 2 Part II, case 3 Part III, case 1 


X Tp(^Xi\xn 


Ti 

ieih)-l)/ 2 ^-^^l-e{h ))/2 ^ (e(/r)-l)/ 2 ^j; ^ (l-e(h ))/2 


, cbyi Alii 


'c 6 A' 


T 2 


X [T_p_/i(-c)r/ip(cyi)r_p(cxi, c^yi), T/i _p(-Ani^^’^^^^^^^^xi/tma)Tp(a, h)] 


(SEl) 


TiT2[T_p{cxi,c^yi)T_p^h{-c)Thp{cyi),Th_p{-\J^^'''^^^"‘^‘^xiy,raa)Tp{a, b)] 

T 1 T 2 T_p{cxi,c^yi) T_p^h{-c)Thp{cyi)Th-p{-XnJ'^~^^^^^^‘^'^xifima)Tp{a, b) x 


73 


X r/ip(-cyi)r_p,/i(c)T_p(-^(p)(cxi,c^yi))rp(-_^(p)(a,6)) x 


Ts 




Tg 


'-V-''-V-' 

Ti Ts 

X b) ^--’^^-^'^Thpi-cyi) TsTg. 


Te 


Ty 


(S5) implies that 


r 4 = r_p( 0 ,c 2 (-yi + Air'+^(^»/'yiAL'+^(^»/'))r;ip(cyi) G E^{s^tR, s^tA) 


and hence 

Tj = = np{-cy,)T_p{0, -c\-y, + G E\s^tR, s^tA). 

Obviously — xiUmd G (l/l)s^™’t^i?. Hence there is a r G i? such that — 

fmis'^'^t'^r). Set di := fm{s^t), c ^2 := /m('S™'ti’) and choose a A: G &hb such that k ^ ±h, ±p. By (S4), 

= ^--'*(-")[T,ifc(di),Tfc,_p(d 2 )] 

= n,-p{d2)] 

= [T_p,fc(—cdi)T/ifc(di), rfc/i(c(i2)Tfc _p((i2)] 

G E^{s'^tR,s'^tA). 



















THE E-NORMAL STRUCTURE OF ODD-DIMENSIONAL UNITARY GROUPS 


45 


Further 


Thus 


TQ = T-,M-)Tp{a,b) 

= [T-p,h{-c),Tp{a,b)]Tp{a,b) 

(51) 

= [T-h,p{c),Tp{a,b)]Tp{a,b) 

^ V 

(SE2) 

= Tph{cb)T_h{ca,c^b)Tp{a,b) 
G E^{s^tR,s^tA). 


p= Ti T 2 Ts T 4 Ts Tq Ty Tg Tg e E^\s"^tR,s^tA). 
211283221 


Part IV 

Assume that a is a short root and r an extra short root matrix. All the possibilities which may occur here 
reduce to one of the cases above. 

Thus p £ E‘^^{s^tR, s^tA). 

K ^ K + l 

Let m G N. We have to show that 

E^+HWs)tR,ii/s)tA) ^ E^{s"^tR,s'^tA). 

where k = {m + + 2 - 4 '^ + -- - + 2 - 4 and M = 22 ^''‘^. Set m' := {m + 2)4 and M' := 22 ^. Clearly 

s)tR,{l/s)tA) {{1/s)tR,{l/s)tA) 

^QE^{s"^tR, S^tA). 

□ 


Definition 48 . Let G denote a group and A a set of subgroups of G such that 

( 1 ) for any U,V £ A there is a W G A such that W C U CiV and 

( 2 ) for any g £ G and U £ A there is a P G A such that C U. 

Then A is called a base of open subgroups of 1 £ G or just base for G. 

Lemma 49 . Let {I, LI) be an odd form ideal of {R,A), m a maximal ideal of G and sq G S^- Set 
A := {DC/2n+i(5Soi?, ssoA)|s G Sm}- Then A is a base for EU2n+i{R) and A^ := {Fm{U)\U £ A} is a 
base for EU2n+i{Rm, Am)- 

Proof. First we show that A is a base for EU2n+i{R, A). 

( 1 ) Let U = EU2n+iissoR, ssoA),V = EU2n+i{tsoR,tsoA) G A. Set W := EU2n+iistsoR, stsoA) £ A. 
Then clearly W C [/ n P. 

( 2 ) Let g £ EU2n+i{R, A) and U = EU2n+i{ssoR, ssqA) G A. There is a iL G N such that g is the product 

of K elementary matrices. Set P := EU2n+i{{sso)^"^^~^ W - + 2 - 4 ^^ ^ 

Then ^P C [/ by Lemma 47 . 
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Hence A is a base for EU 2 n+i{R-, A). We show now that Am is a base for EU 2 n+i{Rm-, Am)- 

(1) Let U = Em{EU 2 n+i{ssoR,sso/:\)),V = Em{EU 2 n+i{tsQR,tsQ/^)) € Am- Set W := Fm{EU 2 n+i{stsoR, 
stsoA)) G Am- Then clearly W <Z U nV. 

(2) Let g G EU 2 n+i{Rrm ‘^m) U = Fm{EU 2 n+i{ssoR, ssqA)) G Am- Clearly there are a iL G N 
and a t G 5m such that g G E^{{l/t)R, {l/t)A)- Set V := Fm{EU 2 n+i{{tsso)^'^^ 

G An- Then C [/ by Lemma 47. 

Hence Am is a base for EU 2 n+i{Rm, Am). □ 


Lemma 50. Let (/, fl) be an odd form ideal of {R, A), m a maximal ideal of C and h' G U 2 n+i{Rm-, Am) \ 
C?72n+i((-Rm) Am), (/m, f^m))- Then given any U' G Am, there is a A; G N and elements gQ,...,g'i^ G 
Fm{EU 2 n+i{R, ^)), ^'oi ■ ■ ■ Ak ^ RR 2 n+i(Rm, o,nd /i,...,/fc G {±1} sueh that g'f. is an elementary 
matrix in EU 2 n+i{Rm-, Am) whieh is not (Im, f^m)-e^ementary, 


(.. .■; (!■'■ (l■"'^'.9y'‘).9;l'=) ■ ■ ■), si-ii'*)=si 


and 

<ff'Gt/'ViG{0,...,A:} 

where d[ = {e[ - - - eg)”^ (0 < i < /c). 


Proof- Replace each gi in the proof of Lemma 43 by an appropriate element of U- where U- G Am is chosen 
such that C U' (possible since Am is a base for EU 2 n+iiRm, Am) by Lemma 49). □ 

Lemma 51. Let (/, H) be an odd form ideal of {R,A), m a maximal ideal of C and sq G 5m. Set 

B :={EU 2 n+i{I{xso),Ll{xso))\x G R,Vs G 5m : xs 0 /} 

U {EU 2 n+iiIia • So), • so))|a G A, Vs G 5m : a • s 0 11} 

where {I{xso),Q{xso)) (resp. {I {a • sq) , Ll{a • sq)) denotes the odd form ideal defined by xsq (resp- a»so), 
see Definition 13. Further set Bm '-= Fm{B) and let Am be defined as in Lemma 49- Then the following is 
true. 

(1) If U' ^ Am and g' G EU 2 n+i{Rm, Am) is an elementary matrix which is not {Im,D-m)-elementary, then 

V' C ^'g' 

for some V G Hm- 

(2) IfV G Bm and d' G £'t/ 2 n+i(Rm, Am) is an elementary matrix, then 

g' G <^'V' 

for some elementary matrix g' G iiT/ 2 n+i(-Rm, Am) which is not {Im,Dm)-elementary. 


Proof. Follows from the relations in Lemma 23. □ 

Corollary 52. Let {I,Ll) be an odd form ideal of{R,A), m a maximal ideal ofC and sq G 5m. IfU' G An, 
d' G EU2n+i{Rm, Am) and g' G EU2n+i{Rm, Am) is an elementary matrix which is not (Im, Dm)-elementary, 
then 

V' C U'i^'g') 

for some V G Bm- 

Proof. If d' = e, then we are done, by Lemma 51(1). Assume d' e and write d! as a product d!^,... d} of 
nontrivial elementary matrices in EU 2 n+i{Rm, Am). We proceed by induction on k. 
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case 1 Assume that k = 1 . Since Am is a base for EU2n+i{Rmi there is a € Am such that C U'. 
Clearly 

l.51(i) , , 

D U gome V' € Bm) 

lAI(2) 

D g (for some elementary matrix g G EU 2 n{Rm, ^m) which is not (/m, rim)-elementary) 
l.51(i) 

D V( (for some V{ G Bm)- 

case 2 Assume that A; > 1 . Set h' := .. .d'l- Thus d' = d'j^... d'^ = d'f^h'. We can assume by induction 

on k that given U[ G Am, ^^{^'g') 3 V for some V G -Bm- Now we proceed similarly to case 1 , replacing 
g' by ^ g' and d\ by Here are the details. Choose G Am such that '^fc(^(? 7 {) C U'. Clearly 

D ^'(<(^^(^'ff'))) 

'i' 

l.51(2) ^ ^ 

D g” (for some elementary matrix g" G EU2n{Rm, ^m) which is not (Jm, Hm)-elementary) 
l.51(i) 

D Vl (for some V{ G .Bm). 

□ 


Lemma 53 . Let (I, LI) be an odd form ideal and H an E-normal subgroup of level (I, LI). Then H C 
CU2n+l{{R,A),{I,Ll)). 


Proof. The proof is by contradiction. Suppose H ^ C'C/2n-i-i((di, A), (/, H)). Then there is an /i G 
H \ C'[/2n+i((.B) A), (/, H)). By Lemma 45 there is a maximal ideal m of C such that h' := Em{h) G 
U2n+i{Rm, Am) \ CU2n+i{iRm, Am), {Im, ^^m))- By Lemma 46 there is an sq £ 5 'm such that .Fm is injective 
on K := [/2n-i-i(-B, A) n GL2n+i{R,soR). Let A and Am be the bases defined in Lemma 49 and choose 
an U' G Am. By Lemma 50 there is a fe G N and elements g^,..., g'^, G Fm(Ft/2n+i(F,A)), e'^,...,e'^ G 
EU2n+i{Rm, Am) and li, ... ,lk G {± 1 } such that g'f. is an elementary matrix in EU2n+i{Rm, Am) which is 
not (Im, f^m)-elementary, 





and 

where d[ 


^'^g[LU' VAG{ 0 ,...,fc} 

(e' ... Cq)”^ (0 < i < k). By conjugating ( 53 . 1 ) by we get 

[... [[ft',SilG'V,''*-9L.I‘*=‘‘ht 


By Corollary 52 there is a G Bm (where .Bm is defined as in Lemma 51 ) such that 

W c ). 

Let t/ G A and V € B such that Fm{U) = U' and Fm{V) = V'. Since £ U' ^ { 0 , 
xo,..., Xk G U such that Em(xi) = Vi G { 0 ,... , k}. Set 


( 53 . 1 ) 


( 53 . 2 ) 

( 53 . 3 ) 
k), there are 


x := [... [[/i,xo]'Sxi]'2 ... 




48 


RAIMUND PREUSSER 


Clearly the l.h.s. of (53.2) equals Fm{x). Further x G H since H is normalized by EU 2 n+i{R,^) and 
X € K since Xk-i £ U F K and K is normal. It follows that ^x Q H n K. By (53.2) and (53.3) we have 

Fr^{V) c = F^i^x) c F^{H n K). (53.4) 

Since F^ is injective on it follows from (53.4) that V F H (note that V C K). But clearly V contains 
elementary matrices which are not (/, n)-elementary. This contradicts the assumption that H is of level 
(/, n). Thus H C CU 2 n+i{{R. A), (I, O)). □ 

Theorem 54. Let FI be a subgroup of U 2 n+i{R,^)- Then H is E-normal if and only if there is an odd 
form ideal (/, If) of {R, A) such that 

EU 2 n+l{{R,^),{I,^)) T H C CU 2 n+l{{R,A),{I,n)). 

Further (/, fl) is uniquely determined, namely it is the level of H. 

Proof. See the proof of Theorem 44. □ 

4.3. Quasifinite case. In this subsection we assume that R is quasifinite. By this we mean that R is the 
direct limit of subrings Ri {i € ^) which are almost commutative (i.e. finitely generated as modules over 
their centers), involution invariant and contain A and p.. 

Lemma 55. Each Ri is the direct limit of Noetherian, involution invariant subrings Rij {j € Tj) containing 
A and g, such that for any j € Tj there is a subring Cij of Center{Rij) with the properties 

(1) c = c for any c £ Cij, 

(2) if Aij is an odd form parameter for Rij, {Iij,Qij) an odd form ideal of {Rij,Aij), (0, x) £ Llij and 
c £ Cij, then (0, cx) £ Qij and 

(3) {Rij)m is semilocal for any maximal ideal m of Cij. 

Proof. Denote the center of Ri by Cj. Since Ri is almost commutative, there are an p € N and xi,... ,Xq £ 
Ri such that Ri = CjXi + • • • + CiXq. For each k,l £ {1,... , g} there are ..., a[^^^ £ Ci such that 

XkXi = X] CLp^^Xp. Further for each k £ {1,..., g} there are h^i \ ..., bq^^ £ Ci such that Xk = Xp. 

P=1 p=l 

q q 

Finally there are ci,... ,Cq £ Ci and di,... ,dq £ Ci such that A = X] CpXp and L- = Yh dpXp. Set 

P=1 p=l 

K ;= 'L[af^\a!'p^\bf\bf\cp,cf,dp,dp\k,l,p €{!,.. .,q}]. 

One checks easily that Ci is a iF-algebra and the direct limit of all involution invariant iF-subalgebras 
Aij (j £ Tj) of Ci which are finitely generated over K. For any j £ 'I'j set Rij := Aij + AijXi + ■ ■ ■ + AijXq. 
One checks easily that each Rij is an involution invariant subring of Ri containing A and p. Further 
lin ^ Rjj = Ri- Fix a J G 'kj and let Cij denote the subring of Aij consisting of all finite sums of elements 
j 

of the form ad and —ad where a £ Aij. Cleary Cij is a subring of Center{Rij) which has the properties 
(1) and (2). Property (3) can be shown as in [3, proof of Lemma 8.3]. It remains to show that Rij is 
Noetherian. Clearly Aij is a finitely generated Z-algebra and hence also a finitely generated Cij-algebra. 
Since for any a £ Aij 

a + a = (a + l)(a + 1) — aa — 1, 

Cij contains all sums a + a where a £ Aij. Since any a £ Aij is root of the monic polynomial — 
(a + d)X + ad, Aij is an integral extension of Cij. Since Aij is an integral extension of Cij and a finitely 
generated Cij-algebra, Aij is a finitely generated module over Cij by [6, Chapter VII, Proposition 1.2]. 
Since Rij is finitely generated over Aij, it is a finitely generated Qj-module. Since iF is a Noetherian 
ring, Aij is a Noetherian ring (by Hilbert’s Basis Theorem) and hence Cij is a Noetherian ring (by the 
Eakin-Nagata Theorem). Thus Rij is a Noetherian Cy-module and hence a Noetherian ring. □ 
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Lemma 56. Let (I, LI) be an odd form ideal and H an E-normal subqroup of level (I, LI). Then H C 
CU2n+l{iR,A),{I,Ll)). 

Proof. Let a ^ H and r € EU 2 n+i{R, ^)- We have to show that [o', r] € ?72n-i-i((-R, A), (/, hi)). Since 
R is quasifinite, it is the direct limit of almost commutative, involution invariant subrings Ri (i G d>) 
containing A and //. By Lemma 55 each i?* is the direct limit of Noetherian, involution invariant subrings 
Rij {j G containing A and /r such that for any j G there is a subring Cij of Center{Rij) with 
the properties (l)-(3) in Lemma 55. If i G <h and j G 'hj, set Ajj := A D {Rij x Rij). One checks 
easily that {{Rij, ”,A,/i),Ajj) is an odd form ring. Clearly there are an i G and a j G such that 
O' G U 2 n+i{Rij, ^ij) and r G EU 2 n+i{Rij, \j)- Set Hij := U 2 n+i{Rij, \j) L)H. Then Hij is an E-normal 
subgroup of U 2 n+i{Rij, \j) and a G Hij. Let {Iij,Llij) denote the level of Hij. Then obviously Rj C I 
and Llij C LI. By Theorem 54, 

Hij C CU2n+l ( {Rij , ^ij ), {^ij ) ^ij ) ) ■ 

Hence [o',r] G U 2 n+i{{Rij,^ij),{Iij,Llij)) C C/ 2 n-n((ii’, A), (/, 0)). □ 

Theorem 57. Let H be a subgroup of U 2 n+i{R,^)- Then H is E-normal if and only if there is an odd 
form ideal (/, Ll) of {R, A) such that 

EU 2 n+l{{R, A), {I, Ll))CHC CU 2 n+l{{R, A), (/, n)). 

Eurther {I, Ll) is uniquely determined, namely it is the level of H. 

Proof. See the proof of Theorem 44. □ 

5. The action of conjugation on E-normal subgroups 

In this section {R, A) denotes an odd form ring and n a natural number. We define for any odd form 
ideal {I,Ll) and a G U 2 n-\-i{R,^) a relative form parameter for I. Eurther we show that for any 
involution invariant ideal I the map 

C/2n+i(i?, A) X ROFP{I) ROFP{I) 

{a, H) i-A ^Ll, 

where ROFP{I) denotes the set of all relative odd form parameters for I, is a group action. The main 
result of this section is Theorem 63, which states that ^U 2 n-\-i{{R,^),{I,^)) = U 2 n-\-i{{R,^),{I,^Ll)) 
for any cr G U 2 n-\-i{R, ^)- As a corollary one gets that if n > 3, i? is semilocal or quasifinite and 
u G U2n+i{R,A), then ^EU2n+i{{R,A),{L,Ll)) = E[/ 2 n+i((i?, A), (/, "H)) and ^CU2n+i{{R,A),{I,Ll)) = 
CU2n-\-i{{R, A), {I, It follows from the sandwich classification of E-normal subgroups in the previous 

section, that if n > 3, ii is semilocal or quasihnite, a G U 2 n-\-i{R, A) and H is an E-normal of level (/, Ll), 
then ^H is an E-normal subgroup of level {I,^Ll). 

Definition 58. Let {I,Ll) be an odd form ideal and a G U 2 n-\-i{R, ^)- Then 

'"H ■.={q{a^ox) + (0, y)\{x, ?/) G 0} + 

={(9(o'*o) - (1,0)) •x + {x,y)\{x,y) G 0} + 
is called the relative odd form parameter for I defined by H and a. 

Remark 59. 

(a) One checks easily that ^Ll is a relative odd form parameter for I. 

(b) ^Ll depends not only on a and Ll but also on I, although this is not expressed in the notation. 
Lemma 60. Let a G U 2 n+i{R, ^) and u (j M{I). Then 

q{au) - q{u) = {q{a^o) - (1,0)) • Uo{mod Llj^iJ. 
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Proof. Clearly 

q(au) - q{u) 

-1 

=qicr'^eiUi) - q{u) 
i=l 
-1 

- q{u) 

i=l 

= ( X] - g(R)(mo(i 

— l<i<l i<j 

=( X] q{(^*i) + {0,'^K^iUi,ejUj)) - q{u) 

—1<2<1 i<j 

n 

=( ^ q{(T^i) • Uj) + (0, -Ujtt-j) - g(rt) 

-l<i<l i=l 

= ( ^ • tti) - (uo,0) 

-l<i<l 

=( X] - (1)0) •rto 

-l<i<l 

= ^ (q'(o'«) - ((5*0,0)) • tij 
-!<*<! 

=(9(o-*o) - (1,0)) •uoimod 


□ 


Lemma 61. Let I denote an involution invariant ideal and ROFP{I) the set of all relative odd form 
parameters for I. Then the map 

C/2n+i(-R, A) X ROFP{I) ROFP(I) 

{a, H) !-)■ 


is a (left) group action. 


Proof. In Definition 5 we have defined the Heisenberg quasimodule S) which equals R^ as a set. In the 
same way one can dehne an i?-quasimodule structure on the set M x R (cf. [ 8 , p. 4753]). The addition is 
given by 

+ : (M X R) X (M X R) ^ M X R 

((u, x), (v, y)) eA (u, x) + (u, y) := {u + v,x + y - b{u, v)) 
and the scalar mutliplication by 

• : (M xR)xR^MxR 

{{u,x),a) !-)■ {u,x) • a := {ua,dxa). 

We call this quasimodule the big Heisenberg quasimodule and denote it by i^*. Set A* := {{u,x) E 
p)*\q{u) + (0, x) E A}, J(A*) := {u E M\3x £ R : {u, x) £ A*} and I* := {v £ M| 6 (u, v) £ I \/u £ J(A*)}. 
Further set 

i^LinT ■= {( 0 , X - xA)|x E /} + A* • I 
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and 

(OLJ* := A* n (r X I). 

We call an ii-subquasimodule n* of Sj* lying between {^IninT i^maxT ^ relative odd form parameter 
for I. Denote the set of all big relative odd form parameters for I by ROFP*[I). There is a one-to-one 
correspondence between ROFP{I) and ROFP*{I) (compare [8, p. 4758]). Namely the maps 

/ : ROFP{I) ROFP*{I) 

D !->■ /(D) := {{u,x)\u G M{I),x G R,q{u) + (0,3:) G D}. 

and 


f-^ : ROFP*{I) ROFP{I) 

D* !->■ /“^(D*) := {g(tt) -i- (0,3:)|(ix,x) G D*}. 
are inverse to each other. Define the map 

if : D2n+i(i?, A) X ROFP*{I) ROFP*{I) 

{a,n*) hA if{{a,n*)) := '"D*. 


where 

diagram 


{{au,x)\{u,x) G Q*}. Then clearly is a (left) group action. Consider the commutative 


U2n+liR,A) X ROFPil) 


{idj) 


U2n+liR,A) X ROFP*{I) 


ROFP{I) 


ROFP*{I) 


where 4> = f ^ o if o [id, /). Clearly cf is a group action since if is a group action. Further 
(f[a,VL) = {q[(Tu) -j- (0 ,x)|m G M[I),x G R,q{u) -j- (0,x) G D}. 

It follows from Lemma 60 that (/(a, D) = □ 


Lemma 62. Let a G C/2n+i(77, A). Then a G C/2n-i-i((77, A), (/, D)) if and only if one of the equivalent 
conditions (l)-(4) below holds. 

(1) g((T*o3:) = = [x,Q)[mod D) for any x G J(D). 

(2) (g(cr*o) - (1,0)) -x, (g«o) - (1,0)) •xGQ for any X £ J(D). 

(3) {aoox,y + q 2 [a^ox)),[a'QQX,y + q 2 {(T'^o^)) G D for any [x,y) G D. 

(4) = n. 


Proof One checks easily that (l)-(4) are equivalent. We will show now that a G C72n+i((I?, A), (I, D)) is 
equivalent to condition (1). 


Assume that a G C/ 2 n-i-i((I?, A), (/, D)). Then (1) holds since cqx G M[I,Ll) for any x G J(D). 


Assume that (1) holds. Let u G M[I,Q). By Lemma 60, q[(Ju) — q[u) = [q[(y*o) — (1,0)) •uo[mod D) and 
q{a~^u) — q{u) = (^(o'^.q) — (1,0)) • uo[mod D). But (1) implies (2) which implies that ((?(cr*o) — (1,0)) • 
no, (g(<T(,o)“(l) 0))«no G D. Hence q[(Tu) = q[(j~^u) = q[u)[mod D) and thus a G lJ 2 n+i[{R-, A), [I, D)). □ 
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Theorem 63. Let a G U 2 n+i{Ll,A). Then 

^U 2 n+l{{R,A),{I,n))=U 2 n+li{R,A),{I,‘^n)). 

In particular, U 2 n+i{{R-, A.),{I,Tl)) is the normalizer of U 2 n+i{{R, A), 

Proof. Assume we have shown that 

^U 2 n+l{{R,A),{I,n))CU 2 n+li{R,A),{I,‘^n)). (63.1) 

Since a and H were arbitrarily chosen, it follows that 

^~'U2n+l{{R,A),{I,^n)) C U2n+l{{R,A),{I,n)) 

^ U 2 n+l{iR,A),iI,^n))C-U 2 n+li{R,A),iI,n)). 

and hence '^U 2 n+i{{R, ^), = U 2 n+i{{R, ^), (I,^^))- Thus it suffices to show (63.1). 

Let p G ^U 2 n+i{{R, A), (7,0)). Then there is a r G U 2 n+i{{R, A), ( 1 , 11 )) such that p = We have to 
show that p G U 2 n+i{{R-, ^); {I, '^^))) i-e. 

(1) phb = ehbimod I) and 

(2) q{pu) = q{u){mod Vtt G M{R,A). 

One checks easily that (1) holds. It remains to show that (2) holds. Let u G M{R, A). Set ^ := r—e. Clearly 
G M{R,A) since u G M{R,A). It follows that G since r G U 2 n+i{{R-, A),{I,H)). 

This implies af,a~^u G M(I). Hence 

q{pu) 

=q{{e + ai(T~^)u) 

=q{u + af,a~^u) 

L 27 - 

= q{u) -j- q{af^a~^u) + (0, b{u, af,a~^u)){mod 
In order to show (2) it suffices to show that q{af,a~^u) + {0,b{u,afa~^u)) G But 
q{afa~^u) -i- {0,b{u,afa~^u)) 

^{q{cr*o) - (1, 0)) • (Co-“^u)o + q{^a~^u) + (0, b{u, afcr~^u)){mod H^j„) 

by Lemma 60. Hence it suffices to show that q{f,a~^u) + {0,b{u,af,a~^u)) G H in order to show that 
q{afa~^u) -j- (0, 6 (m, cr^cr“^u)) G But 

q{Ca~^u) + (0, b{u, a^a~^u)) 

=9(?cr“^w) + (0,6(cr“^u, ^cj“^m)) 

L 27 

= q{a~^u + fa-^u) - q{a~^u){mod H^^^) 

=Q{{e + -q{a~^u) 

=q{Ta~^u) — q{a~^u) G H 

since r G U 2 n+i{{R, A),{I,Ll)). Thus (2) holds. □ 

Corollary 64. If n > 3 and R is semilocal or quasifinite, then 

^EU2n+i{{R. A), (7, LI)) = EU2n+i{{R, A), (7, ^Ll)) 

and 

'^CU2n+l{{R, A), (7, LI)) = CU2n+l{{R, A), (7, '^H)) 

for any a G U 2 n+i{R, A). Further U 2 n+i{{R, A), {I,Ll)) is the normaliser of EU 2 n+i{{R, A), (I,Ll)) and of 
CU2n+l{{R,A),{I,Ll)). 
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Proof. Follows from Theorem 63 and the standard commutator formulas in Theorem 36. □ 

Corollary 65. Let n > 3 and R he semilocal or quasifinite. Let a G U 2 n+i{R) o-nd H be an E-normal 
of level Then is an E-normal subgroup of level (/,'^n). 

Proof. Follows from Corollary 64 and the sandwich classification of E-normal subgroups given in Section 
5. □ 


The example below shows that in general (even if R is semisimple and n > 3) 

( 1 ) U2n+l{{R,A),{I,n))^U2n+l{R,A), 

( 2 ) .J{n) / 

(3) the group action {a, Q) i—)• is not transitive and 

(4) an E-normal subgroup of level (I, ri) is not normalized by C/ 2 n-i-i((.R) ■^)j {L, ^^))- 

Example 66. Suppose R = M 2 (F 2 ), x = G R, X = 1, i-i = 0 and A := A^ax = y) ^ R^ R\y = 
?/*}. Then R is semisimple and hence semilocal. Let L = {0}. Then 

^Lin = {(0,X -xA)|x G /} (A.I) = {0} X {0} 


^Lax = An(/x/) = Ex {0}. 

Hence the relative complex form parameters for I correspond to right ideals of R (any relative complex 
form parameter for I is of the form J x {0} for some right ideal J of i? and conversely if J is a right ideal 
of R, then J x {0} is a relative complex form parameter for I). But there are only 5 right ideals of R (they 
are in 1-1 correspondence to the subspaces of the F 2 -vector space F 2 x F 2 ), namely 

Ji = {0}, 

•'= = ((? 

h=R. 

Set PLi := Ji X {0} (1 < i < 5). Then 

ROFP{I) = {L!i = = ^Lax}- 

It is easy to show that 

orbit{Pti) = {Hi}, 

orbit{Pl 2 ) = orhit{Pl^) = orhit{Pli} = {H 2 ,H 3 ,H 4 } and 
orbit{Pt,^) = {H 5 }. 

where for any i G {1,..., 5}, orbit{Pli) denotes the orbit of Hj with respect to the group action 


|a ,6 G F 2 }, 

\a,be¥2}, 

^ |a, b G F 2 } and 


U2n+i{R,A) X ROFP{I) ROFP{L) 

(cj, H) I—)• ^Pt,. 

For example, set 


/ ^nxn 

0 

0 

\ 

0 


0 


V 1 0 ; 


V 0 

0 

gTixn 

/ 


cr := 


£ M2n+l{R)- 
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By Lemma 20, a G U 2 n+i{R, ^)- Clearly 

={{aoox,q 2 {(T^ox) +y)\{x,y) € O 2 } 

={(aoox, 0 )|x G J2} 

=J3 X {0} 

=^^3- 


It follows from Lemma 62(4) that a 0 U 2 n+i{{R, (-1)^2))- 

Now set 


/ 


H:={ 


0 


0 


x 

\ 0 0 e'-'" 

Then LI is a subgroup of U 2 n+i{R-, ^)- Further 


(^01) y G M 2 n+i(-R)|x,y G Mixn(-R),o e F2}. 


EU2n+ii{R,A),{I,ni,,,)) CHC L/2n+i((I?,A),(/,L!Lj) 

and hence H is Fl-normal of level (/, Umax) by Theorem 44 provided n > 3. Set 


T : = 


/ gTixn 

0 


0 

(1 M 

0 

\0 1 J 

V 0 

0 

^nxn 1 


G H. 


One checks easily that 


r = 


0 

1 0 
1 1 

V 0 ' 0 e" 


0 


and hence H is not normal in t/ 2 n+i(-R) A) = ?72n+i((I?) A), (/, flmax))- 
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